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ON THE MINIMAL AFFINIZATIONS OVER THE QUANTUM AFFINE 
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Abstract. In this paper, we study the minimal aflinizations over the quantum affine algebras 
of type Cn by using the theory of cluster algebras. We show that the g-characters of a large 
family of minimal aflinizations of type Cn satisfy some systems of equations. These equations 
correspond to mutation equations of some cluster algebras. Eurthermore, we show that the 
minimal aflinizations in these equations correspond to cluster variables in these cluster algebras. 
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1. Introduction 

Quantum groups are introduced independently by Jimbo [■TimHSj and Drinfeld |Dri87j . Quan¬ 
tum affine algebras UqQ form a family of infinite-dimensional quantum groups. Although the rep¬ 
resentation theory of quantum affine algebras are studied intensively over the past few decades, 
the structure of the category Rep{UqQ) of finite dimensional 17q0-modules is far from being under¬ 
stood. For example, general decomposition formulas for tensor products of simple Uqg-modules 
have not been found. The Weyl character formula for general Uj 0 -modules has not been found. 

Fomin and Zelevinsky in |FZn2| introduced the theory of cluster algebras. It has many 
applications including quiver representations, Teichmiiller theory, tropical geometry, integrable 
systems, and Poisson geometry. 

The aim of this paper is to apply the theory of cluster algebras to study the minimal affiniza- 
tions over the quantum affine algebras of type Cn- 

Let 0 be a simple Lie algebra and UqQ the corresponding quantum affine algebra. Hernandez 
and Leclerc found a remarkable connection between cluster algebras and finite dimensional 
representations of UqQ in |HL10j . They show that the Grothendieck ring of some subcategories 
of the category of all finite dimensional representations of UqQ have cluster algebra structures. 
In the paper [HL13] . they apply the theory of cluster algebras to study the g-characters a family 
of [/g 0 -modules called Kirillov-Reshetkhin modules. 

The family of minimal aflinizations over UqQ is an important family of simple Uj 0 -modules 
which was introduced in |C95j . The family of minimal affinizations contains the Kirillov- 
Reshetikhin modules. Minimal affinizations are studied intensively in recent years, see for ex¬ 
amples, [GGllj . [GMYl.lj . [HerOTj . [LiTh] . |LM13j . [MTO] . [MPOTj . [MPllj . |MY12aj . |MY12bj . 
[MYU\ . |Kaol3j . |Kaol4j . [QLT4| , [SSH], [ZDLL15| . 
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M-systems and dual M-systems of types An-, Bn, G 2 are introduced in |ZDLL15] . |QL14| to 
study the minimal affinizations of types An, Bn, G 2 . Recently, two closed systems which contain 
a large family of minimal affinizations of type F 4 are studied in |DLL15j . The equations in these 
systems are satisfied by the g-characters of minimal affinizations of types An, Bn, G 2 and F 4 . 
The minimal affinizations of type are much more complicated than the minimal affinizations 
of types An, Bn, G 2 . In types An, Bn, G 2 , all minimal affinizations are special or anti-special, 
[HerOTj . |LM13j . But in type Gn, there are minimal affinizations which are neither special nor 
anti-special, [HerOTj . Here a 17q0-module V is called special (resp. anti-special) if there is only 
one dominant (resp. anti-dominant) monomial in the g-character of V. 

In this paper, we find two closed systems which contain a large family of minimal affinizations 
of type Cn, Theorem 13.31 Theorem 15.41 The equations in these closed systems are of the form 

[ri][r2] = {%][%] + [5], 

where %, i & {1, 2 ,3,4}, are minimal affinizations of type Cn and S is some simple module. We 
show these equations are satisfied by the g-characters of the modules in the systems. We prove 
that the modules in the system in Theorem 13.31 are special (Theorem 13.2p and the modules in 
the system in Theorem 15.41 are anti-special fTheorem 15.21) . 

Moreover, we show that every equation in Theorem 13.31 (resp. Theorem 15.41) corresponds 
to a mutation equation in some cluster algebra £/ (resp. Furthermore, every minimal 

afhnization in Theorem 13.31 (reso. Theorem 15.41) corresponds to a cluster variable in the cluster 
algebra s/ (resp. £/), Theorem 14.11 fresp. Theorem 15.6p . Therefore we have verified that the 
Hernandez-Leclerc conjecture (Conjecture 13.2 in [HLlOj and Conjecture 9.1 in [LelOj i is true 
for the minimal affinizations in Theorem 13.31 and Theorem 15.41 

The equations in Theorem 13.31 and Theorem 15.41 can be used to compute the g-characters of 
the modules in Theorem 13.31 and Theorem 15.41 By using these equations, we can also obtain the 
ordinary characters of the modules in Theorem 13.31 and Theorem 15.41 A L(j 0 -module is also a 
17q0-module since UgQ is isomorphic to a subalgebra of UgQ. Usually a simple L(j 0 -module V is 
not simple when V is considered as a L(j 0 -module. Let U be a minimal afhnization in Theorem 
13.31 and Theorem [531 The equations in Theorem 13.31 and Theorem 15.41 can be used to compute 
the decomposition formula of V when we decompose V into simple 17q0-modules. 

In |Lil5| . the minimal affinizations over UgQ of type C 3 is studied by using the method of 
extended T-systems. The extended T-system of type C 3 is much more complicated than the 
systems in Theorem 13.31 and Theorem 15.41 The extended T-system of type C 3 contains not only 
minimal affinizations but also some other kinds of modules. 

Let us describe the organization of the present paper. In Section [2l we give some background 
information about cluster algebras and representation theory of quantum affine algebras. In 
Section [3l we write a system of equations satished by a large family of minimal affinizations of 
type Cn explicitly, Theorem 13.31 In Section m we study the relationship between the system 
in Theorem 13.31 and cluster algebras. In Section 13 we study the dual system of the system in 
Theorem 13.31 In Section |3 Section [7] and Section [51 we prove Theorem 13.21 Theorem 13.31 and 
Theorem 13.61 given in Sectional respectively. 

2. Background 

2.1. Cluster algebras. Fomin and Zelevinsky in [FZ02] introduced the theory of cluster al¬ 
gebras. Let Q be the field of rational numbers and F = Q(xi,X 2 , • • • ,x„) the field of rational 






















ON THE MINIMAL AFFINIZATIONS OVER THE QUANTUM AFFINE ALGEBRAS OF TYPE C„ 


3 


functions. A seed in is a pair S = (y,Q), where y = {yi,y 2 ,-" is a free generating 
set of and Q is a quiver with vertices labeled by { 1 , 2 , • • • ,n}. Assume that Q has neither 
loops nor 2 -cycles. For k = 1,2, ■ ■ ■ ,n, one defines a mutation by ykiy, Q) = (y^ Q')- Here 
y' = {y'l, ■■■, y'n), yi = yu for i / k, and 

/_Oi —Vi A yj I'o 1 ^ 

“ Vk ’ ^ ^ 

where the first (resp. second) product in the right hand side is over all arrows of Q with target 
(resp. source) k, and Q' is obtained from Q by 

(i) adding a new arrow i ^ j for every existing pair of arrow i ^ k and k ^ j] 

(ii) reversing the orientation of every arrow with target or source equal to k] 

(hi) erasing every pair of opposite arrows possible created by (i). 

The mutation class C(S) is the set of all seeds obtained from S by a finite sequence of mutation 
fik- If = ((yu 2 / 2 G‘‘ ^y'nJ^Q') is a seed in C(S), then the subset {y'i,y 2 ,-" ^y'n} i® called a 
duster, and its elements are called duster variables. The cluster algebra s/s as the subring of 
T generated by all cluster variables. Cluster monomials are monomials in the cluster variables 
supported on a single cluster. 

In this paper, the initial seed in the cluster algebra we use is of the form S = (y, Q), where 
y is an infinite set and Q is an infinite quiver. 

Definition 2.1 (Definition 3.1, IGGldj l. Let Q be a quiver without loops or 2-cycles and with a 
countably infinite number of vertices labelled by all integers i € Z. Furthermore, for each vertex 
i of Q let the number of arrows incident with i be finite. Let y = {yt \ i G Z}. An infinite 
initial seed is the pair {y,Q). By finite sequences of mutation at vertices of Q and simultaneous 
mutation of the set y using the exchange relation \ 2 . 11 i . one obtains a family of infinite seeds. 
The sets of variables in these seeds are called the infinite clusters and their elements are called 
the cluster variables. The cluster algebra of infinite rank of type Q is the subalgebra of Q(y) 
generated by the cluster variables. 

2.2. Quantnm affine algebras of type Cn- Let g be a simple Lie algebra of type Cn and 

I = {1 ,... , n} the indices of the Dynkin diagram of g (we use the same labeling of the vertices 
of the Dynkin diagram of g as the one used in [GarOSj ). Let C = be the Cartan matrix 

of g, where Cij = 

The quantum affine algebra LfqQ in Drinfeld’s new realization, see |Dri 88 | . is generated by xf^ 
{i & L,n ^ Z), kf^ {i G /), hi^n {i & fin £ Z\{0}) and central elements subject to certain 

relations. 

2.3. Finite-dimensional Ggg-modules and their g-characters. In this section, we recall 
the standard facts about finite-dimensional t/^g-modules and their g-characters, see |CP94| . 
|GP95aj . [FR98], |MY12a] . 

Let V be the free abelian multiplicative group of monomials in infinitely many formal variables 
{fi,a)iei,a£Cx and let ZP = Z[F.(^^]iG 7 ,aGCx be the group ring of V. 

For each j £ I, a monomial m = OiG/ ogC^ ^ where Ui^a are some integers, is said to 
be j-dominant (resp. j-anti-dominant) if and only if Uj^a > 0 (resp. Uj^a < 0 ) for all a £ C^. 
A monomial is called dominant (resp. anti-dominant) if and only if it is j-dominant (resp. 
j-anti-dominant) for all j G L. Let 'P~^ C V denote the set of all dominant monomials. 
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A finite-dimensional f/^g-module is parameterized by a dominant monomial in TIP. Given a 
dominant monomial m, there is a unique finite-dimensional C/q 0 -module L{m), |CP94j . [CP95aj . 

The theory of g-characters is introduced in |FR98] . The g-character of a module V is 
given by 

X,{V) = E diin.{Vm)m € ZR, 

rnGV 

where Vm is the /-weight space with /-weight m, see |FR98j . We use ^{V) to denote the set of 
all monomials in XqiV) for a finite-dimensional f7gg-module V. For m+ G V~^, we use Xg(^Li+) 
to denote Xq(L(m+)). We also write m € Xq{^+) if iR G ^(xg(m+)). 

The following lemma is well-known. 


Lemma 2.2. Let mi, m 2 be two monomials. Then L{mim 2 ) is a sub-quotient of L{mi)®L{m 2 ). 
In particular, .^{L{mim 2 )) T J^[L{mi)).y^{L{m 2 )). □ 


A finite-dimensional C/qg-module V is said to be special if and only if .M{V) contains exactly 
one dominant monomial. R is called anti-special if and only if contains exactly one anti¬ 

dominant monomial. It is said to be prime if and only if it is not isomorphic to a tensor product 
of two non-trivial /J^g-modules, see |CP97] . Clearly, if a module is special or anti-special, then 
it is simple. 

The elements Ai^a GR, iGl, oGC^, are defined by 


A, 


— ^i,aqi^i,aq~^ 


n n 


y.-ly-l 

jm j^aq- 


Cji— 1 


Cji=-2 


n 

C,i=-3 


y -1 y-ly-l 
j,aq^ j,o. j,aq~^^ 


see Section 2.3 in [FMOl] . 

Let Q be the subgroup of V generated by Ai^a,i ^ I, a ^ C^. Let be the monoids 
generated by Af^,i I, a £ . There is a partial order < on V defined as follows: 

m < m' if and only if m'm~^ G Q^. (2-2) 


For all m+ G P+, .^(L(m+)) C m+Q , see [FMOl] . 

We will need the concept of right negative which is introduced in Section 6 of |FM01] . 


Definition 2.3. A monomial m is called right negative if for all a G C^, for L = max{/ G Z 
u^ aqi{fn) 7 ^ 0 for some i £ 1} we have Uj^^qL{m) < 0 for j £ I. 


For i £ I, a £ C^, A A is right-negative. A product of right-negative monomials is right¬ 
negative. If m is right-negative and m' < m, then m' is right-negative, see |FM01] . [H 06]. 

As A~^ are algebraically independent, for M a product of A~^ one can define Vi^a{M) > 0 by 

M = riie/.aecx Let Vi{M) = EaeC^ and v{M) = |Her08|. 

For J C I, we denote by UqQj C UqQ the subalgebra generated by the xf.^, hi^m, for i £ J. 
For i £ I, we denote UqQi = t/ggp} ^ Uq^5^2■ 

The following theorem is useful to show that some monomial is not in the g-character of a 
t/gg-module. 


Theorem 2.4 (Theorem 5.1, [HerOS] 1 . Let V = L{m) be a simple UqQ-module. Suppose that 
m' <m and i £ I satisfy the following conditions: 

(i) there is a unique i-dominant M £ {^{V) nm'Z[Ai^a]aeC^) ~ {fn'} and its coefficient is 1, 
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(ii) = {0}, 

(in) m' is not a monomial of Li{M), 

(iv) if m" € ‘^{UqQiVM) is i-dominant, then v{m"m~^) > 

(v) for all j / i, {m" E ^{V) \ v{m"m~^) < v{m'm~^)} fl = 0. 

Then m' ^ 

2.4. Minimal afRnizations of type C„. From now on, we fix an a E and denote is = Yi^aqo, 
i £ I, s ^ 2,. Without loss of generality, we may assume that a simple 17q0-module L(m+) of 
type Cn is a minimal affinization of V (A) if and only if m+ is one of the following monomials 


p(^) 

ki,k2,---,kn 


T^i^) 

^ ki,k2,...,kn 


^ kji 1 


1—1 l^n—j 1 


n) n I n ■?E+4fc„+2E^Eifc„_p+2i„_,+i 

J —1 \^ri—j—0 


\in —0 
^kn -1 

n 

^ '^n —0 


) n—l / ^71—j 1 

n n 

J — 1 V^n—j— 0 


s 4/^71 2 kn—p j 


where fci,... G Z>o, see (CPMEj. 

We write Tq^J g = 1 for any s E Z. We denote by Af^. For a dominant monomial 

T, we use T to denote L{T) the simple [/gQ-module with heighest Z-weight T. For example, 

where fci,... E Z>o. 

2.5. The modules and 5g...,fc„_2,fc„_i,o- ^ ^ ki,...,kn -2 G ^> 0 , 


kn-i E Z>i, we will need the modules 5^*^ fc „_2 fc„_i o 5^*'' fc „_2 A:„_i o ''^ifb the follow¬ 
ing heighest /-weights 


(s) 


_ rp{^) 

- J- } 


y) 

-,(s+2/c7.i_l+4) 


kl,...,kn-2,kn-l,0 fcl,...,fc„_ 2 ,fc„_l ,0 fcl,...,fc„_ 2 - 2 , 0,0 


(^) 


= T, 


(s) 


k\,...,kji — 2,^n —1,0 kl. .,kn — 2 ykn — l ,0 k\,...,kji — 2 2,0,0 


{kn-2 > 2), 


rp{s + 2 kn-\+A) /, ^ O'! 

.fc,._o-2.0.0 l'^n-2 ^ 


(^) 


_ p(s) 


-,[s-\- 2 kji—i-\-A) 


k\,...,kn-2,kn-lfi k\,...,kn-2,kn-l,0 fcl,... ,fc„_3 — 1,0,0,0 


{kn—2 — 1); 


is) 


_ rp{s) 

— J-u 


kl,...,kn-2,kn-l,0 kl,...,kn-2,k„- 


rp(s + 2kn-l+A} /I _ 1 \ 

-l,0-^fci,...,fc„_3-l,0,0,0 \S'n-2 — J-A 


(s) 

y to indicate that ki is in the i-th position. For example, the 1 in 


respectively. 

We use T'l 

^o,*Lo,i,o,...,o,fc„_i,o is in the z-th position. 

i 

Remark 2.5. For ki,..., kn -2 G 2i>q, kn-i G Z>i, s € 2, we have 
q(^) T'iA 

‘^0,...,0,1,0,...,0,1,0,...,0,A:„_1,0 ~-^0,...,0,1,0,...,0,1,0,...,0,fc„-i,0’ 

ml ml 

q(^) rp{s) 

‘^0,...,0,1,0,...,0,1,0,...,0,A:„_1,0 ~-^0,...,0,1,0,...,0,1,0,...,0,fc„-i,0’ 

ml ml 

qi^) T'iA 

^0,...,0,1,0,...,0,A:„_1,0 ~-^0,...,0,1,0,...,0,fe„_i,0’ 

q(^) rpis) 

*^0,...,0,1,0,...,0,A:„_i,0 ~-^0,...,0,1,0,...,0,fe„_i,0> 
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where l<m<l<n — 2. 


2.6. gr-characters of C/qS[ 2 -modules and the Prenkel-Mukhin algorithm. We recall the 
results of the (/-characters of f/gS[ 2 -modules which are well-understood, see |CP91j . |FR98] . 

Let be the irreducible representation Ug5l2 with highest weight monomial 


4“’=n u 

i=0 

r{a) . 


aq'^ 


where Ya = Li,a- Then the (/-character of ' is given by 

k 2—1 

r{a). 




4 = 0 j=0 


where Aa = Y^g-iYag. 


For a G C^,k G Z>i, the set = {aq^ ^}i=o,...,fc-i is called a string. Two strings 
and ^ are said to be in general position if the union U ^ is not a string or C ^ 
or C 

Denote by Xq(™+) the simple f/gS [ 2 -module with highest weight monomial m+. Let m_|_ 7 ^ 1 
and G Z[Ya]ai=c>< he a dominant monomial. Then m+ can be uniquely (up to permutation) 
written in the form 


(a) 


( 


m+ = Yl 

i=l 


\ 


n 


6gS 


(“i) 


where s is an integer, = 1 ,..., s, are strings which are pairwise in general position and 


s s 

L(m+) = X,(T(m+)) = 

2=1 2=1 

For j € I, let 

be the ring homomorphism such that j3j{Yk,a) = 1 for k ^ j and fij{Yj,a) = La for all a G C^. 

Let D be a C/gg-module. Then I3i{xq(y)), i = 1,2, is the (/-character of V considered as a 
C/g,s [ 2 -module. 

The Frenkel-Mukhin algorithm introduced in [FMOl] is very useful to compute g-characters of 
simple C/g 0 -modules. It is shown in [FMOl] that the Frenkel-Mukhin algorithm works for simple 
C/g 0 -modules which are special. 


2.7. Truncated (/-characters. In this paper, we need to use the concept truncated (/-characters, 
see [HLIO] and [MY12a] . Given a set of monomials TZ <ZV, let ZTZ C ZV denote the Z- module 
of formal linear combinations of elements of IZ with integer coefficients. Define 


truncTj : V ^ TZ] 


m, if m G TZ, 
0, if m ^ TZ, 
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and extend truncT^ as a Z-module map "LV —>■ "LIZ. 

Given a subset U C I x C^, let Qu be the subgroups of Q generated by Ai^a with (i,o) G U. 
Let be the monoid generated by with (i,a) G U. The polynomial trunc^^g-y;q(m+) is 
called the q-character of L{m^) truncated to U. 

The following theorem can be used to compute some truncated g-characters. 

Theorem 2.6 (Theorem 2.1, [MY12a| l. Let U C I x and G V~^. Suppose that ^ C V 
is a finite set of distinct monomials such that 

(i) ^ C m+Qfj, 

(a) 

(Hi) for all m G ^ and all {i, a) G U, ifmA~^ ^ ^, then mAfi^Aj^f, ^ ^ unless {j, b) = {i, a), 
(iv) for all m G ^ and all i ^ I, there exists a unique i-dominant monomial M G ^ such 
that 


Then 




t™nC^+Q-X<?("7+) = Y 


Here Xq{Pi{Ad)) is the g-character of the simple L(j.sg 2 "™odule with highest weight mono¬ 
mial j3i{M), and trunc^.^^g-^ is the polynomial obtained from XqifiiiAd)) by keeping only the 

monomials of XqifiiiAd)) in the set fifiMQfi). 


3. A CLOSED SYSTEM WHICH CONTAINS A LARGE FAMILY OF MINIMAL AFFINIZATIONS OF 

TYPE Cn 

In this section, we introduce a closed system of type Cn that contains a large family of minimal 
afhnizations. 


3.1. Special modules. 

Theorem 3.1 (Theorem 3.9, [HerDTj !. For s G Z, fei,..., kn-i G Z>o, the module 
is special. 

Theorem 3.2. For ki,..., kn-i G Z>o, kn G Z>i and s G Z, the modules 


T 

f n 


C) 


0,...,0,kn-j,0,...fl,kn-i,0,...,0,kr, 
-(*) 


(1 < i < J < n — 1, 0 < kn-j < i + 1), 


'^ki,...,k,n,0,...,0,ki,0,...,0,kn (1 < < / < n 1, 0 < fci H + km < n I + 1), 

^ki,...,km,0,...,0,ki,0,-,0,k„-i,0 < 'm < I < n — 2, 0 < fci -I- h < 71 — ^ -I- 1), 

are special. In particular, we can use the Frenkel-Mukhin algorithm to compute these modules. 
We will prove Theorem 13.21 in Section [6l 
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3.2. A closed system of type Cn- 

Theorem 3.3. For s G Z, fci,..., G Z>o, we have the following system of equations: 


L ' ki,k2 — l,ks,...,kn-i,0^ I- ^ ki,k2,ks,...,kn-i,0^ ki — l,k2-,kz,...,kn-i,0^y' ki-\-l,k2 — l,ks,...,kn-i,0i 

]i'k},ki+k2,k3,-,K-l,0^^ 


+ [ro 


(«) 

0 ,k 2 


where ki,k 2 > 1; 


(3.1) 


r'r(s) 

Uo,...,0,fci,fci+i-lAi+2, 


1 


. A»+2v,fcn-l,0 ] =['rJ:' 

+ i'ko,l,0,ki+ki+i,ki+2,---,kn-i,o\^'^0,.'. .,0, ki ,0,fc,+ l-l,fci+2,....,fcn-l,o]’ 

i+1 1 t+1 

(3.2) 


where ki, fcj+i >1, l<i<n — 2; 


rT-(«) 

1- ^/ci,0,...,0,A:j — 

1 

1 =FT^®^ 

1,0-1 1-' A:i + l,0,...,0,A:j — 




1 \gdo) 

' 1-^0,/ci,0,...,0,fcj,A:j_l_i,.. 

^'^,...,0,kj — l,kj^i,...,kn-i ,o]’ 




(3.3) 


where ki,kj >0, 2 < j < n — 1; 


[-T-(S) 

i j 




i+1 j i—1 j 


(3.4) 


where ki,kj > t), 2 < i + 1 < j < n — 1. 

In the following, let ki,..., kn-i G Z>o, kn G Z>o and s G Z. 


r'T"(®) 1 1 1 1 

F' fci,...,fc„i —1,0,...,0,A:„J F' fci,...,fc^,0,...,0,l,fcnJ F ' ki,...,km,0,...,0,l,kn — li F' fci,...,A:m —l,0,...,0,A:„+lJ 

I iq-is+4:k„) 1 

where 1 < m < n — 2 and 0 < ki + ■■■ + km < 2] 


(3.5) 


\-'ki,...,km,0,...,0,k„-i—2,k„n'ki,...,km,0,...,0,k„-i,k„i i' ki,...,km,0,...,0,k„-i,k„ — li ' ki,...,kmfl,...,0,k„-i—2,k„+li 

_l_ r'T-('5+4fcn) 1 

' F ^fci,...,fcm, 0 ,..., 0 ,fc„_i— 2 , 0 J F ^ ki,...,kmfi,..., 0 , 2 k„+k„-i, 0 i ’ 

(3.6) 

where 1 < m < n — 2, kn-i > 2 and 0 < ki + ■ ■ ■ + km < 2; 
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r-rCs) 1 —r-rvj ii'T''®”'*'' 1 


Ks-4) 




Ks-4) 


I r c('®“4) 1 


(3.7) 


where l<m</<n — 2, Q < ki + ■ ■ ■ + km < n — I + 1; 


I -' ki,...,km,0,...,0,ki —2,0,...,0,kn^ ^ ki,...,km,0,...,0,ki,0,...,0,kn^ ^ ^ki,...,km,0,...,0,ki,0,...,0,kn — l^ ^ ^ki,...,km,0,...,0,ki—2,0,...,0,kn-\-l^ 


-(s-4) 




-(s-4) 


[<5; 


ts-4) 1 

ki,...,km,0,...,0,ki,0,...,0,2kn,0i ’ 


(3.8) 


where l<m<l<n — 2 , ki >2 and 0 < fci + • • • + km < n — I + 1 . 

Theorem 13.31 will be proved in Section [71 
Example 3.4. The following are some equations in the system of type C 3 . 


[1_2][1-42-i] = [l_4l-2][2-l] + [2_32 _i], 

[l_4l-2][l-6l-42-l] = [l_42_i][l_6l-4l-2] + [2_52_32_i], 

[3_2][3_62_i] = [2_i][ 3_63_2] + [2_52_32_i], 

[3-63-2] [3_io3_62_i] = [3-62-i][3-io 3-63-2] + [2-92-72-52-32-i], 

[3-6lo][3-2] = [1o][3-63-2] + [ 2 - 52 - 3 I 0 ], 

[3-63-2] [3-io3-6lo] = [3-6lo][3-lo3-63-2] + [ 2 - 32 - 92 - 72 - 5 lo], 
[ 3 - 4 ][ 3 - 82 - 3 lo] = [ 2 - 3 I 0 ] [3-83-4] + [ 2 - 72 - 52 - 3 I 0 ], 

[3-83-4] [3-i23-82-3lo] = [3-82-3lo] [3-123-83-4] + [2-ii2-92-72-52-3lo]. 


Example 3.5. The following are some equations in the system of type C 4 . 

[4-3][4-7lo] = [1o][4-74-3] + [ 3 - 63 - 4 lo]) 

[ 4 - 5 ][ 4 - 92 - 3 lo] = [ 2 - 3 I 0 ] [ 4 - 94 - 5 ] + [ 3 - 83 - 62 - 3 lo], 

[4-7lo][4-ll2-5l-2lo] = [ 2 - 5 l- 2 lo][ 4 -ll 4 - 7 lo] + [ 3 -io 3 - 82 - 5 l- 2 lo], 

[ 4 - 91 - 2 lo][ 4 -l 32 - 7 l- 4 l- 2 lo] = [ 2 - 71 - 41 - 2 Iq] [ 4 - 134 - 91 - 2 Iq] + [ 3 - 123 -lo 2 - 7 l- 4 l?_ 2 lo]- 


Furthermore, we have the following theorem. 

Theorem 3.6. For each equation in Theorem \S.^ all summands on the right hand side are 
simple. 

Theorem 13.61 will be proved in Section [ 8 l 
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3.3. A system corresponding to the system in Theorem l3.3L For ki,... ,kn € Z>o, s ^ X, 
let 


(resp. = Res(rfc^"^ 

be the restriction of (resp. to 17^0. It is clear that Res(7^*'^^^ and Res(7^^*^ 

do not depend on s. Let x(M) (resp. x(M)) be the character of a ? 7 g 0 -module M (resp. M). By 
replacing each (resp. [7^^^^^ in the system in Theorem 13.31 with x(tnfci,...,fc„) (resp. 

x(^fci,...Tn))) ''^6 obtain a system of equations consisting of the characters of [/^g-modules. The 
following are two equations in the system. 


. k„-i,o)x{'^kiMM,-;kn-l,o) = X{'^ki-l,k2,k3,-,k,^-l,o)xi'^ki+l,k2-l,k3,-,k„-l,o) + X(ri0,J:2-l,*:3.fc„_i,o)x(l"0,S;i+fc2,*:3,...,tn-l,o), 

xll"*:! fcm-l,0,-,0,/t„)x('^J:i,...,ltm,0 0,1,ic„) = XlTl/tl fcm,0,...,0,l,A:„-l)x('Tll:i,...,/tm-l,0,...,0,fcn+l) + X(''fici,...,ltm-l,0,...,0,o)x('T'/ci,...,ltm,0,...,0,2fc„ + l,o)- 


4. Relation between the system in Theorem 13.31 and cluster algebras 

In this section, we will show that the equations in the system in Theorem 13.31 correspond to 
mutations in some cluster algebra Moreover, every minimal affinization in the system in 
Theorem 13.31 corresponds to a cluster variable in the cluster algebra 


4.1. Definition of cluster algebras £/. Let 7i = {1, 2,... , n — 1} and 

Si = {— 2 i — 1 I i G Z>o}) S 2 = {—2i I i G Z>o}, 

5*3 = {2i + 1 I i G Z>o}, S 4 = {2i I i G Z>o}, 

S 5 = {-4i - 1 I i G Z>o}, Sq = {-4i - 3 | i G Z>o}, 
Sr = {—4:1 I i G Z>o}, Sg = {—4i — 2 | i G Z>o}. 
Let 


V = ((S 3 n Ji) X 52) u ((S '4 n Ji) X S'!) u (({n} n S 3 ) x S 7 ) u (({n} n 53) x Sa) u (({n} n 54) x S 5 ) u (({n} n S' 4 ) x Se). 


A quiver Q for Ugg of type Cn with vertex set V will be defined as follows. The arrows of Q are 
given by the following rule: there is an arrow from the vertex (i, r) to the vertex (j, s) if and 
only if bij / 0 and s = r + bij — di + dj. The quiver Q of type Cn is the same as the quiver G~ 
of type Cn in |HL13j . 

Let t = ti U t 2 , where 


ti 


r,{ n-\-i [ 2 ]niod 2 “t“l) 


z G {1, ... ,n - 1}, ki e Z>o}, 


(4.1) 


' j{-4:kn+2) I . 1 , , y 1 

*2 = ^ I ^ is even, G Z>i}, 

. I i G {1,... , n - 1}, fe, G Z>o}. 


(4.2) 


Let £/ be the cluster algebra defined by the initial seed (t, Q). The cluster algebra £/ of type 
Cn is the same as the cluster algebra for UgQ of type Cn introduced in |HL13j . 
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4.2. Mutation sequences. For the quiver of type Cn- We use “< 724 - 1 ” to denote the column of 
vertices (2i — 1,0), (2i — 1, —2), (2i — 1, —4), ... in <5, where i G Z>i. We use “< 724 ” to denote the 
column of vertices (2i, —1), (2i, —3), (2i, —5),... in <5, where i € Z>i. If n is even, we use 
to denote the column of vertices (n, —1), (n, —5),..., (re, —4i — 1),... in Q, where i G Z>o and 
“< 744 + 1 ” denote the column of vertices (re, —3), (re, —7),..., (re, —4i — 3),... in <5, where i G Z>o. 
If re is odd, we use “Cn” to denote the column of vertices (re, 0), (re, —4),..., (re, —4i),... in <5, 
where i G Z>o and “Cn+i” denote the column of vertices (re, —2), (re, — 6 ),..., (re, —4i — 2),... 
in <5, where i G Z>o. Let Ci,..., Cn, Cn+i be the columns of the quiver. By saying that we 
mutate the column Cj, i G {!,... ,re + l}, we mean that we mutate the vertices of C* as follows. 
First we mutate at the first vertex of C,, then the second vertex of Cj, an so on until the vertex 
at infinity. By saying that the mutate (Cj^ , Cjj ,..., Ci^), where ii, ... ^im G {1, 2, ... ,re + 1}, 
we mean that we first mutate the column Cj^, then the column Ci^, an so on up to the column 
Cj . 

I'm 

Case 1. Let ki,k 2 , ■ ■ ■ ,kn G Z>o and let ki be the first non-zero integer in ki,k 2 , ■ ■ ■, kn-i 

is) 

from the right. We define some variables ^ g, where 

S = —re -|- I — [Z]mod2 + 

recursively as follows. The variables ok 0 0 ^ ^> 0 ) in 14.11 are already defined. They 

are cluster variables in the initial seed of ^ define in Section 0 
We use 0 to denote the empty mutation sequence, and use 

n —1 
2 

(C2fc-1, C2k-2, C2k-3, ■ ■ ■ , Cl) 

k=l 

to denote the mutation sequence 


(Ci; C3, C2, Ci;...; C„_4, Cn-5, ■ ■ ■, Ci-,Cn- 2 , Cn-3, ■ ■ ■, Ci). 


Let 




I = 1,2, 


C 2 fc- 2 , C 2 fc_ 3 ,..., Cl), l = l (mod 2 ), l</<re —1, 
,nfc=i(C' 2 fc-i) C 2 fc_ 2 , C 2 A:- 3 j • • • 5 Cl), / = 0 (mod 2 ), 2 </<re — 1 . 


Let ki,k2, ■ ■ ■, kn-i G Z>o and ki be the first non-zero integer in fci, A:2, • • • j kn-i from the right. 
Let Seq be the mutation sequence: first we mutate starting from the initial quiver Q, then 
we mutate (Cj_i, C;_2,..., Ci) ki times, and then we mutate (C;_2, C;_3,..., Ci) fcj-i times; 
continue this procedure, we mutate (Cj_i , Ct-2, • • •, Ci) kt times, t = I —2,1 — 3,... ,2. If fcj = 0, 
then “we mutate (Cj_i, Ct-2, • • •, Ci) kt times” means “we do not mutate (Cj_i, Ct-2, • • •, Ci)”. 
We define 


n-\-l [<]mod 2 “t“l) _ n-\-l [<]mod 2 -|-l) 


{I < p < q < n — 1), (4.3) 
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where 


,/( —n+i—[Z]mod2 + l) 

^ki,k2—l,k3,...,kn-i,0 

i( [^]mod2“t“l) n-\-l [^]mod2^1) _i_ [^]mod2“t“ 1) n-\-l [^]niod2“t“l) 

_ ^kl — l,k2,k3,...,kn — l,0 kl + l,k2 — l,k3,...,k.n — l,0 ^0,fel+fc2,fc3,...,fcn-l,0*'0,fc2 —1,^3,—1,0 

j.{ [^]inod2^1) 

kl,k 2 — l,k3,...,kn-l,0 


(4.4) 


where fci, ^2 ^ 1; 


^/( rL-\-l [^]mod 2 “l“l) 

0,. • • ,ki-^. 1 —1?0 

j.i [^]mod2“l“l) j.{ [^]mod2“t“l) _1_ [^]mod2“t“l) j.( n-\-l [^]mod2“l“l) 

^0,...,0,ki-l,ki+i,ki+2,---,kn-i,0^0,...,0,ki-\-l,ki+i — l,ki^2---,kn-i,0 ' ^0,...,0,/ci+fci+i,fci+2v,^n-i,0^0,...,0, ki ,0,ki^i — l,...,kn-i,0 

i+1 i-l i+1 

,(—n+^—[Z]mod 2 +l) ’ 

0.... j0,ki,ki-^\ 1 5^i4"2 5 • • • i^n — 1 jO 

(4.5) 


where ki, fcj+i >1, l<i<n — 1; 


,/(—n+i —[;]j„o32+l) 


j.( [^]mod2“(“l) y.( n-\-l [^]mod2“l“l) i j.( n-\-l [^]mod2H“l) j.( n-\-l [^]mod2“l“l) 

,0,...,0,kj,kj+i...,kn-i ,0 ^0,ki.O,...,0,kj,kj+i,...,kn-i,0^0,...,0,kj-l,kj+i,...,kn-i,0 

(4.6) 


where ki,kj > 0, 2 < j < n — 1; 


,/(—n+/ —[/]niod2 + l) 

* j 

,(—n+/ —[^]niod2 + l) J.(—T1+/—[/]niod2+l) , .i(——[nmod2-|-l) .i(—[^]mod2 + l) 

i j ^ i .7 i 


.i( ——[^]mod2 + l) 

^0,...,0,ki,0,...,0,kj — l,kj+i,...,kn-i,0 


(4.7) 


where ki,kj >0, 2<i + l<j < n — 1; are mutation equations which occur when we mutate 
Seq. The variables (14.3p are defined in the order according to the mutation sequence Seq. In 
this order, every variable in (14.3p is dehned by an equation of (I4.4l) - (|4.7p using variables in t 
and those variables in (14.31) which are already dehned. 

Case 2. For ki,k 2 , ■ ■ ■ ,kn G '^>o, let kr be the hrst non-zero integer in kn-i, kn- 2 , ■ ■ ■ ,ki 
from the right. 
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Let 



0, 


r = n, 



Cn, 


n = 1 (mod 2), 

r = n 

-1, 

n — r 

Ofc=l ^^n—2k-\-2’) Cn—2k-\-‘i’i • • 

) C'n-l) C'n-[fc]mod 2 +l)’ 

n = 1 (mod 2), 
r < n — 2 , 

r = 1 

(mod 2) 

/ n —r-fl 

11^—^ {Cn—2k-\-2’iCji—2k-\-Z’)' 

• • ; Cn-1, + 

n = 1 (mod 2), 

r = 0 

(mod 2) 

n — r—\ 


r < n — 2 , 



{CYi—2k-\-l’)Cn—2k-\-2')‘ 

• • ) C'n-l) C'„_[fc]^^^ 2 +l)) 

n = 0 (mod 2), 
r < n — 2 , 

r = 1 

(mod 2) 

n — r 

Ofc=l i.^n—2k-\-lj C'fi—2k-\-2-) • • 

) C'n-l, C'n_[fc]jjj^^2+l)’ 

n = 0 (mod 2), 
r < n — 2 . 

r = 0 

(mod 2) 


Let S, S' be two mutation sequences. We use SS' ■ ■ ■ SS'S^ to denote the mutation sequence 


2k+l 


SS' ■ ■ ■ SS'S, where the number of 5 is /c +1 and use SS' ■ ■ ■ SS'^ to denote the mutation sequence 


2k 

SS' ■ ■ ■ SS', where the number of S is k. 

Let ki,..., kn-i G ^> 0 ) G ^>i and let kr be the first non-zero integer in kn-i, ■ ■ ■ ,ki from 
the right. For n is even and r = n — 1 7 ^ 0, let Seq be the mutation sequence: we mutate 


' {Cn,Cn+l,...,Cn,Cn+l,Cn), if K = I (mod 2), 

'-V-' 

kf' 

{Cn,Cn+l,. . . ,Cn,Cn+l), if kr = 0 (mod 2), 

'-V-' 

*. kr 


starting from the initial quiver Q. 

For n is odd and r = n — 1 7 ^ 0, let Seq be the mutation sequence; first we mutate Nn) 
starting from the initial quiver Q, then we mutate 

(C*n+1) Cn, ■ ■ ■ , Cn+1 ; Cn, Cn-\-l ) ; if kr — ^ (mod 2 ), 

'-V-' 

^ kr 

{Cn+l,Cn,. . . ,Cn+l,Cn), if kr = 0 (mod 2 ). 

'-V-' 

< kr 

For 1 < r < n — 2, let Seq be the mutation sequence: first we mutate starting from the 
initial quiver Q, then we mutate 
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^ is 

odd 

^ is even 

is odd 

1 2=f±i is even I 


kr is odd 

kr is even 

kr is odd 

kr is even 

kr is odd 

kr is even 

kr is odd 

kr is even 

n is odd, r is odd 

SlSr ■ ■ ■ S'rSrS'r 

S'rSr---S'rSr 

SrSl---SrSlSr 

SrSl---SrSl 






kr 

kr 

kr 

kr 





n is odd, r is even 





s',Sr ■ ■ ■ s;srs; 

s;s.---s;s. 

SrSl---SrS',Sr 

SrSL'-SrS; 







kr 

kr 

kr 

n is even, r is even 

s;sr ■ ■ ■ s;5r5; 

5;sr---s;sr 

SrS',---SrS',Sr 

s,s; ■ ■ ■ SrSi 






kr 

kr 

kr 

kr 





n is even, r is odd 





SrS', ■ ■ ■ SrS'.Sr 

s,s;---SrS; 

s;s, ■ ■ ■ siSrSi 

s;5r---5;s. 






kr 

kr 

kr 

kr 


where Sr = {Cr+i,Cr+2, ■■■, Cn-i,Cn), Sr = {Cr+i,Cr+2, • • •, C'n- 1 , Cn+i)- Then we mutate 



(^ + fcr)isodd 

(^ + fcr)iseven 

jj^+j igodd 

jj^+j igeven | 


fcr+i is odd 

fcr+i is even 

kri-i is odd 

^+1 is even 

fer +1 is odd 

fcr +1 is even 

kr+i is odd 

kr+l is even 

n is odd, r is odd 

s;+,s,+r-s;+,s,+is;,i 

S;+,Sr+r"S;+iS,+i 


s,+is;.i-..s,+is;^i 





fcr'+l 

fcr+1 

krU 

<Sr+l 

n is odd, r is even 





s;+iVi-..s;_iS,.is;„ 

s;_iS,.i...s;,iS,+i 



ir-l 

Cl 


Cl 

n is even, r is even 

5r+]5r+l ■ - - 5r+]5r+l‘5r+l 
Cl 

'^t'+Cr+l''' ’^r+Ci+1 
Cl 

Sr+lS;+i ■ ■ ■ S,+iSLlSril 
Cl 

s,+iSLi-..s,+is;,i 

h+l 





n is even, r is odd 





s,+iSLi-..s,-is;+,s,+i 



SLiS,+l-S;+lSr+I 

ir-l 

Ifr+I 

kr+l 

T+i 


where Sr+i — (CV+ 2 ) Cr-\-3} ■ ■ ■ ■> i; Cfi), — (CV+ 2 ) Cr-\-3: ■ ■ ■: 1 ; Cn-\-\)- Continue 

this procedure, we mutate 



(V- + C H-+ ^t-i) is odd 

+ • • • + ^t-i) is even 

+ C H-+ ^t-i) is odd 

jn_^+l ^ - 1 _ jg gygjj 1 


kt is odd 

kt is even 

kt is odd 

kt is even 

kt is odd 

kt is even 

kt is odd 

kt is even 

n is odd, r is odd 

S'tSf-S'tStS't 

S'tSf-S'tSt 

StS'f-StS'tSt 

StS'f-StS't 





kt 

kt 

kt 

kt 

n is odd, r is even 





S'tSf-SlStSt 

kt 

S'tSf-'S'tSj 

kt 

StS'f-StS'tSt 

kt 

StS'f-StSl 

kt 

n is even, r is even 

S'tSf-SlStSl 

S'tSf--SlSt 

StS'f-StS'tSt 

StS'f-StSl 





kt 

kt 

kt 

kt 

n is even, r is odd 





StS'f-StS'tSt 

kt 

StS'f-StS't 

kt 

S'tSf-S'tStS't 

kt 

S'tSf-S'tSt 

kt 


where St = {Ct+i,Ct+2, ■ ■ ■ ,Cn-i,Cn)j S[ = (Cj+i, (^*+ 2 , • • •, Cn-i, Cn+i) and t = r + 2,r + 
3,... ,n — 2. 

We define 


;^-4A;n-2(X)”=r fci)-’l+r+Hmod2 + l) 

Q 

7i-‘ikn~2[Y,i=r fci)-’l+r+Hmod2 + l) 
fci)-n+r+[r]n,od2+l) 

^fci,,..,ifcp,0,,..,0,l,0,...,0,2ifcn,0 

Q 

'~{~‘ikn-2{J2i=r fci)-’l+^+Hmod2 + l) 

^fci,,..,A;p,0,,..,0,fcq,0,.,.,0,2A;n,0 


=t 


_^(-4fen-2(X^”_^^ fet)-n+r+[r]inod2+5) 


'A;i,...,A:p —l,0,...,0,...,0,fcn 

_^(-4fcn-2(X^”J'^^ fet)-n+r+[r]inod2+5) 


'A;i,...,A:p,0,...,0,fcq—2,0,...,0,A;n 
_^-4fc„-2(^”r/ fct)-«+^+Minod2 + l)7(-2(X;”Jr^ fci)-»l+^+Hmod2+5) 


(l<p<^<n — 1, 0</ci + -- - + /Cp<n — ^+1), 

(1 < p < ^ < n — 1, kg >2, 0 < ki + ■ ■ ■ + kp < n — q + 1), 


'A;i,...,A;p,0,...,0,l,0,...,0,2A:n,0 




_^-4fe„-2(X];’L/ fet)-«+^+Minod2+l)^-2(X;”=^^ fci)-n+r+[r]n,od2+5) 


(l<p<^<n — 2, 0 < ki + ■ ■ ■ + kp < n — q + 1), 
{l<p<q<n — 2, kg > 2, 0 < ki + ■ ■ ■ + kp < n — q + 1), 

(4.8) 


where 

7'{-4fc„-2(J^"r/ fci)~"+>'+[l-lmod2+5) 

kl,...,kmi0,...,0,kn-l—2,kn 

^-4A;n-2(X;r.^/ ki)-n+r+[r]raod2+5)7i-^kn-2(Y^'2~^ fci)-n+r+[r]j„od2 + l) . :^-4A;n-2(X;r=r ^0-^+^+Mmod2 + l)7<-2(Er^r^ fci)-^+^+[r]mod2+5) 




fci,...,fcni,0,...,0,fcn-l —2,,fcn + l 


+ t 


ki,...,km,0,...,0,2kn+kn-l,0 


ki,...,km,0,...,0,kn—1—2,0 


■^-4:kn-2{Yi'^^^ fci)-ri+r+[T’]tnod2+5) 

kl,...,km,0,...,0,kn—1 — 2,kn 


(4.9) 
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where kn-i >2, 1 < m < n — 2 and 0 < A:i + • • • + km < 2; 

^{-4*:„-2(2r=r/ *:i)-"+'r+Wmod2+5) 

A-4/c„~2(2r=rr *^>)-"+’'+[''lmod2+5)A-4i„-2{X)”r;' fci)-’*+''+Mmod 2 +l) . ^i)-n+r+[r]^„i2+S')7{-ik„-2(J2i^r fe)-"+''+Mmod 2 +l) 

_ _ ^ki,...,kmfi,...,0,2k„+l,0 _ 

R-4fc„-2{J^"r;‘ *:i)-'n+r+Wmod2+5) 

^ki,...,km-l,0,...,0,k„ 

(4.10) 

where l<m<n — 2, 0<A:i + -- - + km < 2; 

^(-4fcn-2(^"r/ /i;i)-n+r+[r]mod2+5) 

M-4fc„-2(X]74‘r ^i)-4i+»’+Hmod2+5)7(-4fcn-2(^"rr fc,)-n+J-+[r]niod 2 +l) . ~(-4fcnfci)-n+r+[r]niod 2 + l) 

_ —1 2,0,...,0,A;n + l ' ^ 

^-4fcn-2(^"r^^ fci)-Il+’’+Hmod2+5) ’ 

(4.11) 

where l<m</<n — 2, ki > 2, 0 < ki + ■■■ + km < n — I + 1; 

7>{-4:kn-2(Y,’l=r ^i)-"+^+Wmod 2 + 5) 

'7{-4:kn-2(J2"-~^ A;i)-'i+T-+Hmod2+5)M-4fc„-2(5^"r/ fci)-'*+’"+Wmod2+l) , ~(-4fcn-2(X;"r/ fci)-n+r+[r-]„od2 + l) 

'^-ikn-2{Y^"~^ fci)-'^+’'+Wmod2+5) ’ 

(4.12) 

where l<m<l<n — 2, 0<fci + ''' + km < n — Z + 1; are mutation equations which occur 
when we mutate Seq. The variables (14.811 are defined in the order according to the mutation 
sequence Seq. In this order, every variable in (14.8p is defined by an equation of ()4.9I1 ~ ()4.12I1 
using variables in t and those variables in (j4.8p which are already defined. 

4.3. The equations in the system in Theorem 13.31 correspond to mutations in the 
cluster algebra By (14.4p . we have 


_ As) 

/i;i,/C2,fc3 1,0 —1,^3 1,0 

f(s) As) I As) As) 

—l,fc2,A;3,...,fc„i,0^fcl+l,A;2 —1,^3,...,A;„ 1,0 ' ^0,fci+A;2,fc3,...,A;„i,0^0,fc2 —l,fc3,...,fc„i,0 


(4.13) 


t 


{s) 

ki,k2-l,k3,-",kri-i,0 


where s = —n +1 — [Z]mod 2 + 1- Equations (14.1311 correspond to Equations (13.ip in the system in 
Theorem 13.31 

By (14.511 ■ we have 


As) _ As) 

0,. • • ,0,/Ci ,^i+1,^1+2,•••1^71 —1,0 0,.' • ,0, Alj ,/Cj-^ 1 1 ,fci-|-2 .,kfi —1,0 

As) As) As) As) 

^0,...,0,ki-l,ki+i,ki+2,---,kn-i,0^0,...,0,ki-\-l,ki+i — l,ki+2---,kn-i,0 ^0,...,0,fcj+fcj+i,A;i+2,---,^n-i,0^0,...,0, ki ,0,ki+i — l,...,kn-i,0 

i+l ^-1 i+l 


As) 

0,...,0,fcj,/c2-|-l —1,0 

(4.14) 


where s = —n + I — [Z]mod 2 + 1- Equations (14.1411 correspond to Equations (13.211 in the system in 
Theorem 13.31 
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By 14.61 we have 


As) As) , As) As) 

/ci+l,0,...,0,fcj —1,0^/ci —1,0 ' ^0,fci,0,...,0,A:j,/cj-|-i,...,A:Ti—1,0^0,...,0,fcj—l,1,0 

^ >) ’ 

^ki ,0,...,0,fcj —1,0 

(4.15) 


where s = —n +1 — [^]mod 2 + 1- Equations (j4.15l) correspond to Equations p.3p in the system in 
Theorem 13.31 
By (14.7p we have 


t, 


is) 


_ As) 

— t-n 




As) +(^) 1 +(s) ^(s) 

i j ^ i .7 i 


t, 


(s) 

0,...,0,ki,0,...,0,kj — l,kjj^i,...,kn-i,0 


(4.16) 


where s = —n + l — [Z]mod 2 + 1- Equations (I4.16p correspond to Equations (13.4p in the system in 
Theorem 13.31 

By (14.91) . we have 


As-A) ^ y(s) 

— l An ^ 1 ; •••Am ; 0 ,.. •AA'n — 1 ‘^An 

As) As-A) As-A) As+Akn) 

_ ''fci,...,fc,„,0,...,0,fc„_i,fcn-l^A:i,...,A:m,0,...,0,fc„_i-2„fcn+l ^fci,...,fcm,0,...,0,2fcn+fcn-l,0''fci,...,A;m,0,...,0,fcn_i-2,0 

“ W) ’ 

ki y • • • ^kfn A ^ • • • A An — 1 ‘^^kn 

(4.17) 


where s = —Akn — ki) — n + r + [r]mod 2 + 5. Equations p4.17p correspond to Equations 

(|3.6I) in the system in Theorem 13.31 
By (l4.1Up . we have 


As-A) _ -Pis) 

^k\,..^Am—AA,---AAn 

As) As-A) .As+ikn) As-A) 

As) 

^k\,...Am — ^A,---AAn 


(4.18) 


where s = —Akn — ki) — n + r + [r]mod 2 + 5. Equations (I4.20p correspond to Equations 

p3.5p in the system in Theorem 13.31 
By (14.lip , we have 
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Tis-A) _ ^(s) 

7i^) 7(^-4) , ^s-4) u 19) 

_ ‘'ki,...,km,0,...,0,ki,0,...,0,kn — l‘'ki,...,km,0,...,0,ki—2,0,...,0,kn+l ' ^ki,...,km,0,...,0,ki,0,...,0,2k„,0 ' 

^ ki,...,km,0,...,0,ki—2,0,...,0,kn 

where s = —ki) — n + r + [r]mod 2 + 5. Equations (I4.19P correspond to Equations 
(13.8p in the system in Theorem 13.31 
By (I4.12p . we have 


^s-4) _ -y(s) 

^ki,...,km,0,...,0,l,0,...,0,kn ^ki,...,km — '^,0,...,0,...,0,kn 

I 

-p-s) ps-i) (A on') 

''fci,...,A;„i,0,...,0,l,0,...,0,fc„-l''fci,...,fcm-l,0,...,0,...,0,fc„+l *fci,...,fcm,0,...,0,l,0,...,0,2A:„,0 ‘ ' 

ps) ’ 

^ki,...,km — ^,0,...,0,...,0,kn 

where s = —Akn — kp — n + r + [r]mod 2 + 5. Equations (I4.20p correspond to Equations 

()3.7I) in the system in Theorem 13.31 

Therefore we have the following theorem. 

Theorem 4.1. Every equation in the system in Theorem\3^ corresponds to a mutation equation 
of the cluster algebra . Each minimal affinization in Theorem 1,9. .il corresponds to a cluster 
variable in defined in Section \4.1\ Therefore the Hernandez-Leclerc conjecture (Conjecture 
13.2 in [HTTm] and Conjecture 9.1 in [LiTo]; is true for the minimal affinizations in Theorem 


5. The dual system of Theorem 13.31 
In what follows, we study the dual system of the system in Theorem 13.31 


Theorem 5.1 (Theorem 3.9, |Her07j i. Eor s G Z, /si,..., kn-i € Z>o, the module 
is anti-special. 

Theorem 5.2. For ki,..., k^-i G Z>o, kn G Z>i and s G Z, the modules 
'kl,.l,o,k„-i,o,...,o,k„ 0 < ^ < n - 1), 


ki,k2,...,kn-i,0 


T 

’ n 


(s) 


-(*) 


(1 < f < j < n — 1 , 0 < kn-j < i + 1 ), 


'^ku...,kmfi,...fl,kifl,-fi,kri (1 < "1 < Z < n 1, 0 < ki-\ km < n / + 1), 

‘^fcll...,A:m,0,...,0,A:i,0,...,0,A:„_i,0 (1 < "i < / < 77. — 2, 0 < ki + ■ ■ ■ + km < n — I + 1), 
are anti-special. 

Proof. The proof of the theorem follows from dual arguments in the proof of Theorem 13.21 □ 

Lemma 5.3. Let l : IIP IIP be a homomorphism of rings such that Yp^^2n-s+2, 


y2,aq» ^ ^2 ^g2n-s+2 , • • •, Yn,aq‘> ^ aPr.-s+2 for all a G , s € Z. Then 


-1 


2,aq 


n,aq^ 


lkq{'Tk2k2,...,kr) ~ .,k„^ ~ ‘'^'3iq{'Tk,]k2,...,kr)'^' 
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Proof. The proof is similar to the proof of Lemma 7.3 in |LM13j . □ 

Theorem 5.4. Let s a'L, ki,k 2 , ■ ■ ■ ,kn ^ We have 

1 k]_,k2 — l,kz,...,kn-i,W ki,k2,kz,...,kn-i,0 

where ki,k 2 > 0 ; 


_r7^(«) IfT'''*'' 1 

1 ^ ki — l,k2,k3,...,kn-i,0i 1 ki+l,k2 — l,k3,...,kn-i,0i 


{«) 


— l,k3,...,k„-i,0 


(^) 


(5.1) 






•(^) 


['To' 


L) 

0,...,0,ki-\-ki-\-i,ki-\-2,---,kr. 

i+l 




,0, ki ,0,/Ci+l —l,/ci+2,,---)fcn-l,0J 

i+l 


(5.2) 


where ki, fcj+i > 0 , l<i<n — 2 ; 


rT-(s) 

ki,0,...,0,kj — l,kj-\.i 


irT-(s) 1 

• ,fcn-1,0-1 L ^/ci,0,...,0,fcj,A:j-1-1,...,Ain—1,0-1 I- ^/ci + l,0,...,0,/cj —l,fcj-|-i 




IfT^' 

Ain—i,0J ^ ^ All —1,0,...,0,/cj,A:j-1-1...,Ain-1,0-1 

(^) 1 

0,...,0,A:j —l,Aij-|-i,...,Ain-i ,0J’ 

(5.3) 


where 2 < j < n — 1 ; 


r'7"(®) 1 r'7"(s) 

1- '0v,0,Ai,0,...,0,fcj—l,fcj-i-i,...,An-1,0-1 1- ^0,...,0,Ai,0,...,0,Aj,Aj-|-i. 

t j t j 


.,0,Ai+l,0,...,0,Aj—l,Aj-|-i...,An-i,o] 


2 ,0,..>,0,A^ l,Aj_|_i,...,An_1,0^^ 

t-|-l j i— 1 j 


(5.4) 


where 2 <i + l<j<n — 1 . 

In the following, let ki,..., kn-i € Z>o, An G ^>o o,nd s G Z. 


1 1 _ 11 

\.'ki,...,km — l,0,...,0,knii. ki,...,kmfi,...,0,l,kni 'A:i,...,fe„i,0,...,0,l,A:„ — iJ 1 'fei,...,fcm-l,0,...,0,A:n+lJ 

I i‘-r'(s+4:k„) 1 

ki,...,km-l,0,...,0,0n’ ki,...,km,0,...,0,2kn+lfii^ 

where 1 < m < n — 2 and 0 < Ai + ■ ■ ■ + km < 2 ; 


(5.5) 


L ^Aii 0,k„-i—2,kniy'ki 1 • • *,^771,0,- ■ • ,0, Ain — 1 i^n"^ ^l,---,^m,0,..., Ojfcn-ljfcn —iJ 1- ' fcl ,..., Al^n ,0,.. .,0,Aln—1 2,,Al7],H“l-^ 

_1_ r^(s+4Aln) -|r/j-(s —4) 1 

1.' Aii,...,Aim,0,...,0,Ain-i—2,0-11-' Aii,...,Aim,0,...,0,2A:n+A:n-i,0-l ’ 

(5.6) 

where 1 < m < n — 2, kn-i > 2 and 0 < Ai + • • • + Am < 2 ; 
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ir-T-Cs 4) 1 


I r c('®“4) 1 


(5.7) 


where l<m<Z<n — 2, Q < ki + ■ ■ ■ + km < n — I + 1; 


1- '/ci,...,fc7n,,0,...,0,fc^—2,0,...,0,/Cn-l I- ki,...,km,0,...,0,ki^0T..,0,kn^ I- ^fci,...,feTTi,0,...,0,fc^,0,.--,0,fen —iJ I- 2,0,...,0,/Cn + l 

I rc(®-4) 1 


(5.8) 


where l<m<l<n — 2, ki >2 and ^ < ki + ■■■ + km < n — I + 1. 

Proof. The lowest weight monomial of Xq fc ) obtained from the highest weight monomial 
fc„) by the substitutions; 


^2n+s+2’ ‘^s ‘^2n+s+2^ . . . , n<j l-A n2n+g_^_2- 


After we apply l to XqiT^f the lowest weight monomial of Xq{T^f fc„) becomes the highest 
weight monomial of t,{xq{T^^'^ j^^)- Therefore by Lemma 15.31 the highest weight monomial of 
t'iXqi'Tkf fc„) obtained from the lowest weight monomial of XqiT^f fc„) by the substitutions: 


Ig I—>■ 1 


-1 

2n—s+2 ’ 


2 s eA 2 


-1 

2n-s+2> ■ ■ ■ ’ 


TT-s l-A n 


-1 

2n—s+2' 


It follows that the highest weight monomial of i^iXqi'Tkf is obtained from the highest weight 
monomial of XqO'^^ by the substitutions: 

Is I ^ 1— S? 2s ! )■ 2_s5 . . . ; rig I ^ ri — g. 


Therefore the dual system of type Cn is obtained applying i to both sides of every equation of 
the system in Theorem 13.31 

The simplify of every module in the summands on the right hand side of every equation in 
the dual system follows from Theorem 13.61 and Lemma 15.31 □ 
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Example 5.5. The following are some equations in the system in Theorem \5.4\ 

[l2][2ll4] = [I2l4][2l] + [2i23], 

[I2l4][2ll4l6] = [2ll4][l2l4l6] + [2l2325], 

[32][2i36] = [2i][3236] +[ 212325], 

[3236][2i363io] = [2i36][32363io] + [ 2323252729], 

[1o36][32] = [lo] [3236] + [102325], 

[3236][1o363io] = [1o36][32363io] + [I 023252729], 

[34][1 o 2338] = [1 o 23][3438] + [I0232527], 

[3438][1o23383i2] = [1o2338][34383i2] + [I 023252729211], 

[43][1o47] = [1o][4347] + [1o3436], 

[45][1o2349] = [1o23][4549] + [1o233638], 

[lo47][lol2254ii] = [lol225][lo474ii] + [1 q1225383io]. 

5.1. A system corresponding to the system in Theorem 15.41 By replacing each [7^^*^ ] 

(resp. ^^]) in the system of Theorem 15.41 with (resp. we obtain a 

system of equations consisting of the characters of i7gg-modules. The following are two equations 

in the system. 

X(wiS:i,fc2-l,*:3.= X(Rj;i-l,fc2,fc3,...,fc„_i,o)x('''*:i+l,i;2-l,fc3,...,*:n-l,o) + X(Ro,4:2-1,fa.fa-i,o)x(l'10,S:i+fa,fa,...,fa_i,o), 

x(llfa.4;m-l,0,...,0,fa)x('llA:i,...,fcm,0. 0 , 1 ,fa) = Xioilil.4:^,0,...,0,l,fa-l)x(oi4:i,...,/tm- 1 , 0 ,..., 0 ,fa+ 1 ) + X(H4;i,...,4:m-l,0,...,0,o)x(l'l4;i,...,4;m,0,...,0,2fa + l,o) ■ 

5.2. Relation between the systems in Theorem 15.41 and cluster algebras. Let Ii = 

{1,2,..., n — 1} and 

5*1 = {2i + 1 I i G Z>o}, 5*2 = {2i | i € Z>o}, 

5*3 = {4i + 1 I i € Z>o}, 5*4 = {4i + 3 | i G Z>q}, 

5*5 = {4i I i G Z>o}, Sq = {4i + 2 | i G Z>o}. 

Let 

u = ((Si n Ji) X Sz) u ((S2 n h) x Si) u (({n} n S2) x S3) u (({n} n S2) x S4) u (({n} n Si) x S5) u (({n} n Si) x Sg). 


We define Q with vertex set V as follows. The arrows of Q from the vertex (i, r) to the vertex 
{j, s) if and only if bij 7 ^ 0 and s = r — bij + di — dj. 

Let t = ti U t 2 , where 


j. _ r+ 11 +i [i]mod2“t“l) 

~ l +,..., 0 , fci , 0,...,0 


z = 1,... ,n - 1, A:i,.. .,kn-i G Z>o}, 


(5.9) 


*2 = < 


r,(-4A:„+4) (-4fc„+2) , fa L p L 

R0,...,0,...,0,fc„+0,...,0,...,0,A:„ I IS oaa, 

r,(-4A:„+3) ,(-4fc„+l) 1 fa „„„„ h p 7 . , \ 

Ro,...,0,...,0,fc„+0,...,0,...,0,A:„ I ^ even, Hn fc ^> 1 ], 

n+2+[Z]n2od2 + l) I - 1 1L h 7/ \ 

. L^0,...,0,A:i,0,...,0 I* — i,...,?T. i, Ki,..., Kn—l G Z>o|. 


(5.10) 
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Let be the cluster algebra defined by the initial seed (t,(5). By similar arguments in 
Section iH we have the following theorem. 

Theorem 5.6. Every equation in the system in Theorem \5.4\ corresponds to a mutation equation 
of the cluster algebra . Every minimal affinization in the system in Theorem \5.4\ corresponds to 
a cluster variable of the cluster algebra si. Therefore the Hernandez-Leclerc conjecture (Conjec¬ 
ture 13.2 in [HLIO] and Conjecture 9.1 in [LiTn] ) is true for the minimal affinizations Theorem 

6. Proof of theorem [Ml 

In this section, we prove Theorem 13.21 Without loss of generality, we suppose that s = 0 in 
where T is a module in Theorem 13.21 

6.1. The cases of fo®,o,fc_„o,...,o,fc„ (1 < ^ < « " !)• 

Case 1. i = 1. Let m+ = Tg® g Then 


Let 


m+ = non4 ... n4fc^_4(n - l)4fc„+i(n — l)4fc„+3 • • • (n - l)4fc„+2fc„_i-i- 


U = I X {aq^ : s € Z, s < + 2kn-i — 1}. 

Since all monomials in .^(xg(m+)—trunc^_^g-Xq(m+)) are right-negative, it is sufficient to 
show that trunc^^Q-Xg(m+) is special. Let 

s-l 

= {m+ ^n,4A:„-4j-2 • 0 < “ !}• 

j =0 

It is easy to see that ./# satisfies the conditions in Theorem 12.61 Therefore 




and hence trunc^^g-Xq(m+) is special. 

Case 2. i = 2. Let m+ = Then 

m+ = non^ ... n^kr^-^in - 2)4k^+2{n - 2 ) 4^^+4 ... (n - 2 ) 4 fc^+ 2 fc„_ 2 - 
Case 2.1. kn = 1. Let g+ = Then 

g+ = no(n - 2 ) 6 (n - 2)3 ... (n - 2 ) 2 fc„_ 2 + 4 - 
Let U = I X {aq^ : s G Z, s < 2m -|- 4}. The monomials in (xqi9-\-)) 

90 = 9+, 9l = 92 = 93 = 52^n\,2> 94, = 5'3^n,4' 

Therefore, the only dominant monomial in Xq{9-\-) is g+. 

Case 2.2. kn > 1. We write m+ into two different monomials products, that is, m+ = 
777-2 = for some monomials mi,m 2 ,m'(,m 2 . Since each monomial in the product is 

special, we can use the Prenkel-Mukhin algorithm to compute the g-characters of the monomial. 
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By Lemma [2.21 we have ^(xq(Ln.+ )) C ^{Xq{^'i)Xq{''^' 2 )) ^iXq{^i)Xq{^ 2 )) we will 
show that the only dominant monomial in Xg(m+) is m+. Hence Xqii^+) is special. 

Let = m\m' 2 , where 

mi = riQUi ... ra4fc„_8, 

^2 = n 4 k„- 4 {n - 2 ) 4 k„+ 2 {n - 2 ) 4 fc „+4 • • • (n - 2 ) 4 fc„+ 2 fc„_ 2 - 

In case 2.1, we have shown that m^ is special. Therefore the Frenkel-Mukhin algorithm works 
for m^. We will use the Frenkel-Mukhin algorithm to compute Xq{™'i)Xq{'<^ 2 ) ■ ^ ~ mi m 2 

be a dominant monomial, where m* € ^{xq{'mj)),i = 1 , 2 . 

Suppose that m 2 7 ^ m^. If m 2 is right-negative, then m is a right-negative monomial and 
therefore m is not dominant. This is a contradiction. Hence m 2 is not right-negative. By Case 
2 . 1 , m 2 is one of the following monomials 

mi = “ llifcn-slw - l) 4 fe„-i(?i - 2 ) 4 fe„+ 2 (n - 2 ) 4 fc „+4 ■ ■ ■ {n - 2 ) 4 s,„+ 2 fc„_ 2 . 

m 2 = = (n - l) 4 fc„- 3 (n - l) 4 fc„+i(" “ 2 ) 4 fe„( 4 i - 2 ) 4 /:„+ 2 (ti - 2 ) 4 fc „+4 ... (n - 2 ) 4 S;„+ 2 fe„_ 2 , 

m 3 = m24l,;l;i 41,„_2 = (" - l)4fe„-l(” “ l) 4 jt,+l" 4 fc„- 2 (n “ 2)4fc„-2(Tl “ 2)4fe„(n - 2)4fc„+2(Tl - 2 ) 4 fe „+4 ■ ■ ■ (u - 2 )ik„+ 2 k^- 2 , 

mi = m 3 ^,l, 4 fe„ = " 4 fe„+ 2 (" “ 2)4s,„_2(’T- - 2 ) 4 fe„(n - 2)4s,„+2(n - 2 ) 4 fe „+4 . . . (n - 2 ) 4 fe„+ 2 it„_ 2 - 

We can see that cannot be canceled by any monomial in Xq(mi). Therefore m = mim 2 (mi G 
Xq(mi)) is not dominant. This is a contradiction. Hence m 2 7 ^ mi- Similarly, m 2 cannot be 
rni,i = 2,3,4. This is a contradiction. Therefore m 2 = m^. 

If mi 7 ^ m^i, then mi is right-negative. Since m is dominant, each factor with a negative power 
in mi needs to be canceled by a factor in m^. The only factor in which can be canceled 
is n 4 fc„_ 4 . We have ^{xqimi)) C ^{XqinonA ■ ■ ■nik„-i 2 ))Xq{n-ikr,- 8 )- Only monomials in 
Xqi'iT'Akn-s) can cancel n 4 fc^_ 4 . The only monomial in Xg(^ 4 fcn- 8 ) which can cancel n^kn-A is 
^ 4 fc„- 4 (^ “ '^) 4 kn- 7 in - l) 4 fc„- 5 - Therefore mi is in the set 

iXqinoni ... n4fc„-i2))njfc^_4(ra - l)4fc„-7(ra - l)4fc„-5- 

If mi = (non4 ... n4^kr,-i2)n^k„-4.('^ ~ i-)4fc„-7(?^ - l)4fc„-5, then 

m = mim 2 =nQn 4 ■ ■ ■ nik„-i 2 {n - l)ik^- 7 {n - l) 4 fc „-5 

(n - 2 ) 4 fc^+ 2 (f^ - 2 ) 4 fc „+4 ... (n - 2 ) 4 fc„+ 2 fc „_2 

is dominant. Suppose that 

mi 7 ^ (non4 ... nik^_i2)nll^_^{n - l)4fc,-7(n - l)4fc„-5- 

Then mi = gi'n'^k - 4 (^ “ i-) 4 A:n- 7 (^ ~ l) 4 fcn- 5 ) where <71 is a nonhighest monomial in Xqi^ionA ■ ■ ■ 
n^kn-u)- Since <71 is right-negative, (n — l) 4 fc „_7 or (n — 1 ) 4 A ;„-5 should cancel a factor of 
gi with a negative power. It is easy to see that there exists either a factor (n — 1 ) 4 ^ _g or 
(n - l)lfc „-7 ™ a monomial in Xq{noni ■.. n 4 fc„_i 2 )re 4 ^’^_ 4 (Ti - l) 4 kr,- 7 {n - l) 4 fc „-5 by using the 
Frenkel-Mukhin algorithm. Therefore we need a factor (u —l) 4 fc „-9 or {n — l) 4 ^k „-7 ™ ^ monomial 
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in Xq{non 4 ... n^k^-u)- We have 

Xq{non4 ... n4k„-i2)n^k^_4^{n - l)Ak„-7{n - l)4fc„-5 

C Xqinoni ■ ■ ■ ^^4fc„-16)Xg(^^4fc„-12)?^^fc^_4(ra “ ^)Ak„-7{n - l)4fc„-5- 

The factors (n — l) 4 fc „_9 and (n — l) 4 fc „_7 can only come from the monomials in X(j(^ 4 fcn- 12 )- 
But notice that any monomial in Xg(’^ 4 fcn-i 2 ) dose not have a factor (n — l) 4 fc^_ 9 . The only 
monomial in X(}(™ 4 A:„-i 2 ) which contains a factor (n — l) 4 fc „_7 is 

(n - 3)ik„-7{n - 2)4fc„_io(n - 2)“^^^_g(n - l)4k„-7n^k„_e. 

Therefore mi is in the set 

^{Xqinon4 ■ ■ ■ n4k„-i6))in - 3)4k„-7{n - 2)4k„-io{n - 2)"’^_g(re - l)4k„-7n^k^-6 
- l)4fc„-7(n - l)4fc„-5 

=iXqinon4 ■ ■ ■ n4k„-i6))in - 3)4fc„_7(n - 2)4fc„_io(n - 2)4fc^_6nJ^^^_g 
n4kr,-4i^ - - l)4fc„-5- 

Since m = mim 2 is dominant, (n — 2)should be canceled by some monomial in 
Xq{non 4 ... n 4 fc^_i 6 ). But notice that (n — 2)^^ _ 6 ^ 4 fc -6 cannot be canceled by any monomial 
in Xg(non 4 ... n 4 k„-iG). This is a contradiction. 

Therefore the only dominant monomials in Xg(^i)Xij(^ 2 ) and 16.11 

On the other hand, let m+ = where 

nil = non4 ... n4k„-4, 

ni 2 = {n- 2 )ik„+ 2 {n - 2 ) 4^^+4 ... (n - 2 ) 4 fc^+ 2 fc„_ 2 - 


The monomial 16.11 is 


9 — ''^+^n,4fc„-6- 


( 6 . 2 ) 


Since Ai^a-,i € I, a G are algebraically independent, the expression 16.21 of g of the form 
Hie/ aecx A a*’”"’ where Vi^a are some integers, is unique. Suppose that the monomial g is in 
Xq{ni[)xq{ni 2 ). Then g = gig 2 , where gi € J^{xq{m^))^i = 1,2. By the expression 16.21 we have 
g 2 = m 2 and gi = _g. By the Frenkel-Mukhin algorithm, the monomial _g 

is not in ^{xq{mi)). This contradicts the fact that gi G ^{xq{mi)). Therefore g is not in 
Xq{rn'i)xq{rn2)- 


Case 3. i > 3. Let m+ = T^Z,o,ku-.,o,-fl,k^ ' 


_ T^(0) 

- ^ 0 ,..., 

m+ TIoU-4 . . . n4k^—4{n ^)4fc„+i(ri i')4kn+i+‘2 • • • {n *)4fc„+2fc„_i+i—2- 


Case 3.1. kn = 1- Let 


9+ — niiin i)j_|_4(Ti ^)i+6 ''' in i')2kn—i+i+‘2,- 

Since -#(x<j(no(n —Oi+ 4 )) C ^{xq{no)Xq{{n — i)i+ 4 ))-, by using the Frenkel-Mukhin algorithm, 
we show that the only possible dominant monomials in Xq{no)Xq{{n — 1 ) 1 + 4 ) are no(n — i)i +4 
and (n - l)i(n - i - l)j+ 3 - 
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Let 

m' = {n- l)i(n - i - 1)^+3, M = 

By Theorem 12.41 m! is not in ^{xq{nQ{n — i)j+ 4 )). Therefore the only dominant monomial in 
^{Xq{no{n - i)i+ 4 :)) is no(n - z)i+4. 

In the following, let 

9i = no, 

91 ~ noin i)j-|_ 4 , 

92 ~ in — i)i+e ■ ■ ■ {n — i) 2 kn-i+i+ 2 , 

92 ~ {n ~ 'i)i+4:in — *)i+6 • • • {n — i)2fc„_i+i+2- 

Then ^{xqi9+)) C ^iXqi9i)Xqi92)) ^iXqi9i)Xqi92))■ By using similar arguments as the 
case of i = 2, if we expand (n—i)j +4 in g[, suppose that there are dominant monomials gi,g 2 , ■ ■ ■, 
in Xqi9i)Xqi92)y they will not be in Xqi9i)Xqi92) since (n — i)j +4 dose not be expanded in g'^. 
So we only need to expand no in g'^. Let 

9l = no{n — i)ij^iA^ 2 , 92 = 93 = 92An-2,5^ ■ ■ ■■> 9i = 9i-lAn-i+l,i+2- 

At this point, (n — i)i+ 2 (n — i)i +4 is in the expression of gi, so (n — i)i +2 can not be expanded. 
Notice that this situation will not occur if we expand no in g". Hence, except g~^, even through 
there are dominant monomials in Xqi9i)Xqi92)^ they will not be in Xqi9i)Xqi92)- Therefore, the 
only dominant monomial in Xqi9+) is g+- 
Case 3.2. kn > 1. Let 

non4 * * * n4/i;,^_4, 

^2 {n *)4fc„+i) 
h'l = noUi ■ ■ ■ n4k„-8, 

^2 U4/jj^_4(n i'jikn+i' 

Then ./#(Xg(no • • • n4fc„_4(n - i)4fc„+i)) C ^iXqih'i)Xq{h'2)) ^ ^iXqih'OXqiK)) ■ 

By using similar arguments as the case of = 1, we can see that the only possible dominant 
monomial in ^iXqih'i)Xq{h’ 2 )) ^ ^iXqih'OXqiK)) is Kh'^. 

In what follows, let 

lUi no * * * n4/;;,^_4(n 7 ) 4/^,^^^5 

^0 ‘ ‘ ■ ^4/iln.—4? 

m2 = in - i)4fc„+j+2 ■■■in - i)ikr,+ 2 k^_i+i- 2 , 

m2 = (n — i)4kri+iin — i)4:k„+i+2 ■ ■ ■ in — i)4kn+2k„-i+i—2- 

Then ^{Xgim+)) C ^{xqim[)xgim’ 2 )) n ^{xqim'{)xqim'^))- 

By using similar arguments as the case of above, we can see that the only possible dominant 
monomial in iXqim'i)Xqim' 2 )) H iXqim'Oxqim'^)) is m+. Therefore the only dominant 
monomial in Xqim+) is m+. 
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6.2. The case of Tq® (1 < ^ < i < « - 0 < K-j < i + 1). 

Case 1. If i = 1, then 0 < kn-j < 2. Without loss of generality, suppose that kn-j = 1. 
When kn-j = 2, the proof is similar. If kn-j = 0, the proof is coincide with the case of 
(1 < ^ < n - 1). Let m+ = Then 

m+ =no?^4 • • • n4fc„_4(n — l)4fc„+i(n — 1)4A:„+3 • • • 

(n - l)4fc„+2fc„_l-l(?^ - j)ikn+2kn-l+j- 

Let 

77T/1 7lo^4 • • • ^4^71,—4; 

"^-2 = {n- l)ikn+i{n - l)4fc„+3 ■■■{n- l)4fc„+2fc„_i-i, 

^3 = “ j )4A:„+2A:„_i+j • 

Then .y#(xq(m+)) C ^(Xcj(™'i)X(?(^W 3 )) LI ./#(Xi}(^tiW 2 )Xcj(^ 3 ))- Note that we have shown 
that m'im '2 is special in the case of g ^ ^ ^ . Therefore the Frenkel-Mukhin algorithm applies 

to 


By using similar arguments as the case of g ^ g 0 show that the only possible 

dominant monomials in Xq{'^'i'^'-2)Xq{'^'z) 

gi =non 4 ... n 4 fc„_ 4 n 4 fc„+ 2 fc„_i (« - l) 4 fc„+i ■■■{n- l) 4 fc„+ 2 fc„_i- 3 (’^ - 3 - l) 4 fc„+ 2 fc„_i+j-i 
~^+An_j,Akn+2kn_i+j-l"^n-j+l,ik„+2kn-i+j-2^n-j+2,ikn+2kn-i+j-?' ’ ’ ’ ^n-l,4fc„+2fc„_i ’ 

Furthermore, gi is not in Xi}(’^i)x<?(^ 2 ’^ 3 )- Therefore the only dominant monomial in Xq{''^+) 
is m+. 

Case 2. If i = 2, then 0 < kn-j < 3. Since the proof of each case of is similar to each other, 
we give a detailed proof of the case of kn-j = 2. Let m+ = Tg^^ g ^ , g g g Then 

m+ =non 4 ... n 4 fc„_ 4 (n - 2 ) 4 fc^+ 2 (n - 2 ) 4 fc „+4 ... (n - 2 ) 4 fc^_,_ 2 fc „_2 
(tI j^Akn-\-2kn — 2~\~j^^ 3^^kn-\-2kn — 2-\~j-\~2‘ 


Moreover, let 

m'l = non4 ... n4fc„_4(n — 2)4fc„+2, 
m'l' = riQUi... riikn-i, 

m'2 = (n - 2)4fc^+4 . . . (n - 2)4fc„+2fc„_2(?^ - j)4fc„+2fc„_2+i(« - j)4fc„+2fc„_2+i+2, 

^2 = (n- 2)4fc„+2(^^ - 2)4fc„+4 . . . (n - 2)4fc^+2fc„_2(’^ - i)4fc„+2fc„_2+i(’^ - j)4fc„+2fc„_2+i+2- 

Then ./#(xg(m+)) C {Xq{^i)Xq{'i^2)) ^ •^iXqi^'OXqi^'i))- Since we have shown that m'l 
are special in the case of g g the Frenkel-Mukhin algorithm applies to m[. 

By using similar arguments as the case of 0 0 ofc„’ ^ we expand (n — 2)4fc^+2 in 

m[, suppose that there are dominant monomials mi, m 2 ,... in Xq{^i)Xq{'i^2)^ they will not be 
in Xq{'nii)Xq{'^2) since (n — 2)4fc„4_2 dose not be expanded in m'^- So we only need to expand 
n4A:„-4 in nip Let 


mi = 


m2 = 
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At this point, (n —2)4fc^(n —2)4fc^+2 is in the expression of m2, so (71 — 2)4^^ can not be expanded. 
Notice that this situation will not occur if we expand n4fc„_4 in m'/. Hence, except m'^, even 
through there are dominant monomials in they will not be in Xq{'^i)Xq{'^2)■ 

Therefore the only dominant monomial in Xq(m+) is m+. 


Case 3. Suppose that 2 < i < j < n — 1. Let m+ = T. 


( 0 ) 




where 


0 < kn-j < i + 1. Then 


^0 ■ ■ ■ i)4kn+i ' ' ' '^')4kn+2kn — i+i — 2 

(n — j)4kn+2k„-i+j ' ' ' (n — j)4kn+2k„-i+2kn-j+j—2- 


Let 

— TIQTI4. . . . 7747 : 71 — 4(11 ^')4kn-\-ii 

m” =770774 . . . 774fe^-4, 

"I 2 - i)4k„+i+2 • ■ ■ (77 - i)4k„+2k„_i+i-2{n - j)4k„+2k„_i+j • • • (77 - j)4k„+2k„^i+2k„^j+j-2, 

"^2 =(^ “ 'i)4k„+ii'n - i)4k„+i+2 • ■ ■ (77 - i)4k„+2k,,_i+i-2{n - j)4fc„+2fe„_i+i ' ' ' (77 - j)4fe,7+27:„-i+27:7.-4+i-2- 

Then 7/#(xg(m+)) C ^{xq{^'i)Xq{'ni' 2 ))^-^{Xqi^'DXqi^'i))■ ^e have shown that m'^ is special 
in the case 7^^°^ q q g the Frenkel-Mukhin algorithm applies to m^. 

By using similar arguments as the case of i = 2, we show that the only possible dominant 
monomials in ^{Xq{^'i)Xq{'^' 2 )) iXqi^'OXqi^'i)) is m+. Therefore the only dominant 
monomial in Xg(777+) is m+. 


6.3. The case of (1 < tti < ? < 77 - 1, 0 < ki + ■ ■ ■ + km < n - I + 1). 

Case 1. If Z = 77 — 1, then 0 < A:i + • • • + km < 2. In this case, it is sufficient to show 

the module o,fc„_4,o,...,o,fc77_i,o,...,o,fc7,-i,fc„ i® special. Note that if 

kn-i = 0 (resp. kn-j = 0), then 0 < kn-j < 2 (resp. 0 < kn-i < 2), the case is coincide 

with the case of g o fc _ fc — ^)- Therefore, let kn-i = kn-j = 1 and 

^(0) 


m+ = T 


0,...,0, 1 ,0,...,0, 1 ,0,...,0,fc„-i,fcn' 


Then 


777+ =770774 . . . 774fc„_4(77 - l)4fc„ + l(77 - l)4fc„+3 ■ ■ ■ {tI - l)4k„+2k„-i-l 

(yTl 4kn-\-2kn—i-\-i^^ J )4/i:7i+27:77_i+j'+2 * 


m'l = 770774 . . . 774fc„_4, 

^2 = {n- l)4kn + l{n - l)4fc„+3 ... (77 - l)4fc„+2fc„_i-l, 

^3 = (77 — i)4kn+2kn-i+i^ 

7774 = (77 - j)4fc„+2fc„_i+i+2- 

Then ./#(xg(m+)) C ^{xq{m[m 2 m'^)xqim' 4 )) Cl ^{xqim'im 2 )xq{'i^ 3 ^ 4 ))- Note that we have 
shown that m'^m^ is special in the case g ^ ^ ^ . Therefore the Frenkel-Mukhin algorithm 

applies to m[m2. 
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By using similar arguments as the case of Tq q ■ o ofc„_ifc„’ show that the only 
possible dominant monomials in Xi}("iW 2 )Xg("iW 4 )) 

gi =non4 ... n4fc„_4n4fc„+2fc„_i (n - l)4fc„+i • • • (n - l)4fc„+2fc„_i-3 

{n — i — l)4fc„-|_2fc„_]^+i—l(n- — j)4fc„+2fc„_i+j+2 

=m , A~^ A~^ A~^ A~^ 

+ n—i,4kn+2kn-i+i—l n—i+l,4kn+2kn-i+i—2 n—i+2,4kn+2kn-i+i—3 ' ' ' n—l,4fc„+2fc„_i ' 

Furthermore, gi is not in Xq{'^i'^ 2 ''^ 3 )Xq{''T^ 4 )- Therefore the only dominant monomial in 
Xq{m+) is m+. 

Case 2. If Z = n — 2, then 0 < /ci + • • • + /cm < 3. When fci + • • • + fcm = 2, by using the 
similar arguments as the case of , g g ^ .0 g we can show that the module 

'^o°lo,fc„_,-,o,...,o,fc„_i,o,...,o,fc„_ 2 ,o,fc„ is special. Now, we consider the case of 


'0,...,0,fcn-£,05...,0,/Cn_j,05...,0,fc^_i,0,.--,0,/Cn-2,0,/C7^ 


{kn—t — kfi—j — kji—i — 1 ). 


m+ -no ... n 4 ^^_ 4 (n - 2)4/,^+2 • • • (n - 2)4^^+2A3„_2(^ - 
(n j)4/criH-2/i;7i_2H-jH-2 ^)4/cri+2/cri_2+i+4* 


Moreover, let 


m'l = no ... n 4 fc„_ 4 (n - 2 ) 4 fc „+2 • • • (n - 2)4k„+2k„-2^ 

^2 = {n- i)4k„+2k„_2+iin - j)4k„+2k„_2+j+2{n - t)4fc„+2fc„_2+i+4) 
m" = no ... n 4 fc„_ 4 (n - 2 ) 4 fc „+2 ... (n - 2 ) 4 fc„+ 2 fc„_ 2 (« - *) 4 fc„+ 2 fc„_ 2 +G 
^2 = {n- j)4k„+2k„-2+j+2{n - t)4fc„+2fc„_2+i+4- 

Then ^{xq{^+)) C ■y^{Xqi'iT^i)Xq{^ 2 ))^-^{Xq{^i)Xq{^ 2 ))- Note that we have shown that m'{ 
is special in the case 7^^^^ g g g g Therefore the Frenkel-Mukhin algorithm applies 
to m". By using similar arguments as the case of g^i, ,g g^ .0 ofc„’^® show that the 

only possible dominant monomials in {Xq{^i)Xq{'i^ 2 )) ^iXq{^i)Xq{^ 2 )) i® ^+- Therefore 
the only dominant monomial in Xij(r 1 '+) is nr+. 

Note that when I = 2, the case o g (0 < fci < n — 1) is coincide with the case of 

(0 < kn-j < i+ 1 ); when I = 1 , the case is coincide with the 

case of g n—1). Therefore, the remaining case is I G {n—3, n—4,... , 3}. 

Since the proof of each case is similar to the case of Z = n — 2 , by using similar arguments as 
the above, we deduce that the module 


' ki,...,km,0,...,0,ki,0,...,0,kr. 


(1 < m, < Z < n — 1, 0 < fci + • • • + Zcm < R — ^ + 1), 


is special. 


6.4. The case of 5^,,„„fc^,o,...,o,fc*,o,...,o,fcn-i,o (1 < m < Z < n - 2, 0 < Zq + • • • + A:^ < n - Z + 1). 
Since the proof of each case is similar to each other, we give a detailed proof of the case of 
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I = n — 2 and ki 
Then 


1 . Let m+ 


qiO) 


where ki 


kj 


h = 1 . 


m+ =Tf 


( 0 ) 




rp{2kn — l-\-4i) 


0 ,..., 0 , 0,0 

^ kt-l 


={n - l)i(n - 1)3 ... (n - l)2fc„_i-i(n - 2)2fc„_i+2 
. -2 -2 


Let 


m[ = (n - l)i(n - 1)3 ... (n - l)2fc„_i-i(n - 2)2fc„_i+2i2fc„_i+n-i+2, 

/ _ -2 -2 
^2 J2kn-i+n—j-\-4^2kn-i-\-n—i-\-6^ 

m'l = {n- l)i(n - 1)3 ... (n - l)2fc„_i-i(ra - 2)2fc„_i+2, 

// _ , -2 -2 

^2 ^2/c^_i+n—t+2j2/Cri_iH-n—^+4^2/0^1—1+72—2+6* 


Then C {Xgi'i^i)Xq{^2)) ^{Xq{'>TT-i)Xq{'>TT-2))■ It is easy to see that and m2 

are special. Therefore the Frenkel-Mukhin algorithm applies to m2,1712■ 

By using similar arguments as the case of q q^iO 0 show that the only 

possible dominant monomials in -#(Xg(m'^)xq(m2)) n -#(Xg(m")xq(m2)) is m+. Therefore the 
only dominant monomial in Xij(Ln.+ ) is m+. 


7. Proof of Theorem [T3l 

7.1. Classification of dominant monomials in the snmmands on both sides of the 
system. In Sectional we have shown that for s G Z, ki,..., kn-i G ^>0) kn G Z>i, the 
modules in Theorem 13.21 are special. Now we use the Frenkel-Mukhin algorithm to classify 
dominant monomials in the summands on both sides of the system in Theorem 13.31 


Lemma 7.1. The dominant monomials in each summand on the left and right hand sides of 
every equation in the system in Theorem are given in Table [ 7 J 


We will prove Lemma 17.11 in Section 17.31 
In Table m M no<j<r +> = M for r = — 1 , s G Z. 
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Equations 

Summands in the equations 

M 

Dominant monomials 

(EH) 


“1 

^■^ki,k2,k^,..-,kn-i,0> 

^ no<j<7- fc,)_„_2j+2’ 

-l<r<fci-l 

1331) 


j,(s-2) 

'^-'fci+l,fc2-l,fc3,...,fcTi-l’0 

^W(3<j<r fc.)_^_2j+2’ 

-l<r<fci-2 

1331) 

^9(^,fel + fe2,fe3v,fcn-l<0^^ 

^~'^0,ki+k2,k^,...,kn_l,0^ 

^-‘0,fc2-l,fc3,...,fc„i,0 

M 

1321) 


X 

^ nO<j<r fcp)_„_2j+i+l’ 

-l<r<A;i-l 

1321) 

^Xg(7o,.?.,0,fc,;-l,fc,;4.T ■’^n-1-0^ 

X J-C*) 

^ no<i<r fcp)_„_2j+i+l’ 

-l<r<A;i-2 

1321) 

X9(^,...,0,fci + fe^+l,fe^+2v--.*;n-l>0^^ 
i+1 

i-1 i+1 

X 

0,...,0,fci+A;i+i,A;i+2."Mfen-l-0 

i+1 

X j’C®) 

^-'Ov.-.O, fcj ,0,fcj+i-l,fci+2>>--.,fcn-1.0 

i-1 i+1 

M 

1321) 

Xq('7fc^,0. 0,kj-l,kj^-^,...,kn-i,o)^ 

XXq (Tki]o,,..,0,kj,kj^i,.,.,k^i,o) 


*tno<p<r fci)-„-2p+2’ 

—l<r<A:i—1 

1331) 

xxATfcili.o.o,t,.,t,.+i...,fc„i,o) 

M—X 

x7"(®) 

-^no<p<r- fc.)_^_2p+2’ 

-l<r<fci-2 

1331) 

XXqiTQ . 0 ,fc^-l,fc,.|.i,...,fe„i,o) 

^''^—-^0,ki,0,...,0,kj,kjj^l,...,kn-i,0^ 

x7-’('®) 

M 

(13a 

3 

^Xqi^Q . (},ki,0,...,0,kj,kj^i,...,kn-i,0^ 

* 3 

-‘0,...,0,fcj,0.0,fej-l,fcj+i,...,fe„_i,0^ 

t j- 

^-^0,...,0,fci,0. 0,kj,kjj^i .fcn-l.O 

* 3 

^ no<p<r _^_ 2 (^J-j fcq)-n-2p + i + l’ 

-l<r</i;i-l 

(13a 

^<}^'^0,...,0,ki + l,0,...,0,kj-l,kjj^l...,kj^_l,0^^ 

3 

* 3 

J\^—rp{S) 

^^^--^0,...,0,ki + l,0,...,0,kj-l,kj^l...,kn_l,0^ 

3 

x7^(®) 

^^0,...,0,ki-l,0,...,0,kj,kj + ^,...,k^_-^,0 

1 j 

^ no<p<r _^_2(^n-j fcg)_^_2p+i+l’ 

-l<r<fci-2 

(13a 

i+1 j 

^Xq(7^,..,,0, k^ ,0,...,0,kj-l,kj^i,...,kn-i,0^ 
i-1 j 

X 

0,...,0, ki ,0,...,0,ki,ki.i,...,k„ 1,0^ 

i+1 j 

^-^0,...,0, ki ,0.+ 

t-1 j 

M 

(13a 

'^<l(^kil..,km-'i-,0,...,0,kn'^^ 

^Xq{fi^ . 0,1,kn'^ 

n 1 . X 

^(s-4) 

.fem.O.0,1,fcn 

^ no<i<r ^n,l+4fcn-4i-6 = 
-\<r<kn-l 

(13.511 

^XqiT^^ 

X 

fcl, - - ■,k'm ,0, -.. ,0,l,Kri — 1 
^(s-4) 

,...,fcm-l,0,...,0,fen + l 

^ no<j<r ^n,l+4fcn-4i-6 = 

-\<r<kn-2 

(13.511 

^XqiTf.^ ,.,.,fcTn,0,...,0,21cn + l.o) 

^^y(»+4fc„) 

«! ,...,fcTn —1,0,...,0,0 
^(s-4) 

.fcm.O.0,2fcn+l,0 

M 

(13a 

>^X9 

^~'^k-i\...,km,0,...,0,kn_l-2,kn ^ 

^(s-4) 

^^ki,...,km,0,...,0,kn-i,kn 

^Ylo<j<r ^n,s+4fcn-4i-6’ 
-l<r<kn-l 

(i3a 


^~'^ki,...,km,0,...,0,kn_l,kn-l'^ 

,^{s-4) 

^-‘fcl,...,fcm,0,...,0,fc„i-2,,fcn + l 

^ no<i<r ^n,l+4fcn-4i-6 = 
-l<r<A:„-2 

(i3a 

^Xq(’7^^j^.,,,^fc^^0,..,,0,2fcn+/sn.-l>0^ 

„ T TT 

A;i,...,fcm,0,...,0,fc„_i-2,0 

^(s-4) 

^ ki,...,km,0,...,0,2kn+kn-i,0 

M 

(I3a 

Xq (Tki,...,km-l,0,...,0,...,0,kn'^'^ 

'^Xq ('^ki,...\rn.,0,...,0,l,0,...,0,kn') 

^~'^ki\...,km-l,0,...,0,...,0,kn ^ 

^(s-4) 

,...,fcm.,0,...,0,l,0,...,0,fcn 

1, ’ ’i’ ’ 

-^nO<i<r ^n,s+4fcn-4i-6’ 
-l<r<kn-l 

(I3a 

Xq (Tfc- ,.,.,fcm,0,...,0,l,0,...,0,fcn-l^^ 

1, , , , , , 

^Xq(‘7^,.fc^-1,0.0,...,0.fcn+l) 

,...,fcTn,0,...,0,l,0,...,0,fcn-l ^ 

1, , , , , , 

^(s-4) 

,...,feTrj,-l-0.0.0,fcr,. + l 

-^nO<i<r ^n,s+4fcn-4i-6’ 
-l<r<kn-2 

(i3a 

,^(s-4) . 

Xql‘^fci ,...,A;m,0,...,0,l,0,...,0,2fen,0/ 

m—Ok ,,.,,fc^,o,..,,0,l,0,...,0,21cn,0 

M 

(i3a 

Xq(^]^,,.,,fe^,0,...,0,fc2-2,0,...,0,fcn^^ 

^Xgi'Tl.f ,...,km,0,...,0,k,,0,...,0,kn'^ 

fcl,...,fcm,0,...,0,fei-2,0,...,0,fcn 

^(s-4) 

-^no<i<r ^n,s+4fcn-4i-6’ 

-l<r<A:n-l 

1331) 

'^<}^'^ki,...,km,0,...,0,ki,0,...,0,kn-0^ 
^XqiTk^ .fcTn,0,.-.,0,fe/-2,0,..-,0,fen+l^ 

X 

fcl ,...,fcm,0,...,0,fc;,0,...,0,fcn-l 

xf(-4) 

^-‘fcl ,...,fcm,0,...,0,fc/-2,0,...,0,fcn + l 

-^no<i<r ^n,s+4fcn-4i-6’ 

-l<r<fcn-2 

(15a 

Xq(‘^fc,.fc.^,0.0,fc,,0.0,2fcn,o) 

•'^•'~‘^fci.fcm,0.0,fcj,0.0,2fcn,0 

M 


Table 1 . Classification of dominant monomials in the system in Theorem I, ' 1.31 
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7.2. Proof of Theorem 13.3L By Table [H the dominant monomials in the (^-characters of the 
left hand side and of the right hand side of every equation in Theorem l 3 . 3 l are the same. Therefore 
Theorem 13.31 is true. 


7 . 3 . Proof of Lemma 17.IL We prove the case of 


xM: 


is) 






,0,...,0,^72, — 




where k^-i > 2 , l<m<n — 2 and 0 < /si km < 2 . The other cases are similar. Without 

loss of generality, suppose that kn-2 = ^n-3 = 1 and s = 0. 

Let 


/ _ rpiO) 

'"'l ~ 

m' — 

"^2 — 


Ti —1 2,^72, ’ 

72,-1 


Then 


m'l —non4 • • • n4fc„_4(n - l)4fc„+i(n - l)4fc„-i-3 ■ ■ ■ {n - l)4fc„-i-2fc„_i-5 
(n ‘^')Akn+2kn-i—2iP' ^)Ak„+2kn-i+li 
m '2 =n_4no • • • - l)4fc„-3(n - l)4A:„-i • • • (n - l)4fc„+2fc„_i-5 

(n - 2)4fc„+2fc„_i-2(n - 3)4fc„+2fc„_i+i- 

Let m = mim2 be a dominant monomial, where rrii € Xqi'^'i)^ i = 1,2. We denote 


m3 =(n - l)4fc„+i(n - l) 4 fc „+3 • • • (n - l) 4 fc„+ 2 fc„_i- 5 (n - 2 ) 4 fc„+ 2 fc„_i- 2 (n - 3 ) 4 fc„+ 2 fc„_i+i, 
m4 =(n - l)4fc„-3(n - l) 4 fc„-i • • • (n - l)4fc„+2fc„_i-5(n - 2 ) 4 fc„+ 2 fc„_i- 2 (n - 3 ) 4 fc„+ 2 fc„_i+i- 

Suppose that mi G Xg(n-o ''' n4fc„_4)(xg(m-3) — m3) , then m = mim2 is right negative and hence 
m is not dominant. This contradicts our assumption. Therefore mi € Xg(non4 ■■■ U4A:„-4)^-3. 
Similarly, if m2 G Xq(n--4no • • • n4fc^_8)(Xij(m-4) — m^), then m = mim2 is right negative and 
hence m is not dominant. Therefore m2 G Xg(n--4no • • • 

Suppose that mi G .^{xq{m[)) n ./#(xg(non4 • • • n4fe^_8)(Xg(n4fc„-4) - n4fc^_4)m3). By the 
Frenkel-Mukhin algorithm for Xqi'kn'i), fui must have the factor . But by the Frenkel-Mukhin 
algorithm and the fact that m2 G X(j(n-4no • • • n4fc^_8)m4, m2 does not have the factor 714^^. 
Therefore mim2 is not dominant. Hence mi G X(j(^o^4 ''' ^4fc„-8)^4fc„-4^3- If follows that 

mi = m'l. 

By the Frenkel-Mukhin algorithm and the fact that m2 G Xg(^^-4^0 '' ■^4fc„-8)^4) ^2 must 
be one of the following monomials, 
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—n-4no ■ ■ ■ — l)4fc„_7(n — l)4fc„_5 

(n - l) 4 i;„_ 3 (n - l)4fc„-l • • ■ (n - l)4fc„+2A;„_i-5(R - 2)4fc„+2fc„_i-2(R - 3)4fc„+2fc„_i + l, 

77,2 ="i2^n,4fcn-6^n,4*;n-10 

—n—^riQ • • • Il4fcn —16ll-4fe„—8^4fc„—4(^ ~ l)4fc„ —1 i(R ~ l)4fcn—9(R ~ l)4fcn —7(11 ~ l)4fe„—5 
(n - l) 4 S;„_ 3 (n - l)4fc„-l • • ■ (n - l)4fc^+2A;„_i-5(R - 2)4fc^+2fc„_i_2(n - 3)4fc„+2fc„_i + l, 


nk„ —”^2^n,4fcn-6^n,4fcn-10 


“n,4Rn—b‘■'n,,4/i„ —iU “ n,—2 

=no 1 • • • n“j}^_ 4 (n - l)-3(n - l)-i • • • (n - l)4fc„+2fc„_i-5(n - 2)4A;„+2fc„_i-2(n - 3)4fc„+2A;„_i+i- 


It follows that the 


''4fc„-4'. 

I dominant monomials in 

1 

M = m[m2, Ml = mm'i = M 2 = n2m'i 


are 


— M ^n,4fc„-4i- 
i=0 

n,n — kn — 1 

Mk„-i = nk„-im'i =M Yl ^n,4fc„-4i-6’ = nk„m[ = M JJ 

i—n 


kn—2 


-1 


i=0 


8. Proof of Theorem ItHI 

By Lemma l7.ll we have the following result. 

Corollary 8.1. The modules in the second summand on the right hand side of every equation 
in Theorem I,?. ,'91 are special. In particular, they are simple. 

Therefore in order to prove Theorem 13.61 we only need to prove that the modules in the first 
summand on the right hand side of every equation of the system in Theorem l3.3l are simple. We 
will prove that 

Mi%2...,kmfi,...,0,kn-l,kr,-l)Mi%i,...\m,0,-,0,kn-l-2,kn + l^' 
where kn-i >2, l<m<n — 2 and 0 < ki + ■ ■ ■ + km < 2, is simple. The other cases are 
similar. 

The following is the proof of the case of m in type Cn- Without loss of generality, suppose 
that kn -2 = kn -3 = 1. We have 

rp{s) 

^ 0,...,0,l,l,A:„_i,A:„ —1 

R'sR'S+ 4 ■ ■ ■ ^s+4A:„—l)s+4A:„—3(^ f)s+4A:„ —1 ' ' ' (u l)s+4fc„+2A:„_i—5 (^■^) 

(n — 2)^_|_4fc^_|_2fc^_j_2(R' ~ 3)5_|_4fc^_|_2A:„_i + l) 


rp{s — 4:) 

—IT^s—A'kl's ■ ■ ■ R'S+4fc„—8^s+4fc„— 4 ( 11 - l)s+4fc„+l(R' l)s+4fc„+3 ' ' ' (n l)s+4fc„+2fc„_i—5 

{n — 2)s_|_4fc^_|_2fc„_j^—2(14 — 3)s4_4fc„4_2fc„_]^+l. 


(8.3) 
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By Lemma l7.11 the dominant monomials in ()8.ip are 

-1 

,,S+4fcn—4j —6’ 


Mr = M ,, «, -1 < r < kn - 2. 


0<j<r 

We need to show that ^{xq{Mr)) ^ ^{xq{M)) for 0 < r < A:„ — 2. We will prove the case of 
^{Xq{Mo)) ^ ^{xq{M)). The other cases are similar. 

Mo 

~ ^)s+4fc„-7(^ “ l)s+4A;n—5^sII'S+4 ' ' ' II's+4fe„ —12 
(n — l)s+4fcn—3(^ “ l)s+4fe„-l ■ ■ ■ {n — l)s+4kn.+2kn-l—5 
'kls—A'kls ■ ■ ■ kls+Akn—^ikl l)s+4fc„+l ■ ■ ■ (R l)s+4fcn+2fc„_i —5 

(n — 2)s_|_4fc^_|_2A:„_i—2(li “ 2)s_|_4fc^_|_2A:„_i—2(R' “ s+4:kn+2k„-i+li''^ ~ 3)s+4fe„+2fc„_i+l 
— (ll- l)s+4fc„— 7(^ l)s+4fcn—5^s^s+4 ' ' ' I^s+4fc„ —12 

(n — l)s+4fc„— 3(^ “ l)s+4fe„-l ■ ■ ■ {n — l)s+4fcn+2fc„_i—5 
Us—^Us • • • ns-\-4k„—8(j^ l)s+4fc„+l ' ' ' (jl l)s+4fc„+2fc„_i —5 

(n — 2)s_|_4fc^_|_2fc„_j^— 2(17 — 2)5_|_4fc^_|_2A:„_i— 2(17 ~ 3)s+4fc„+2fc„_i+l(77 — 3)s4-4fc„4_2fc„_]^+l■ 

We will show that ^(xqi^o)) ^ -^(X(j(M)). By Uq5i2 argument, the monomial 

Til — (77 l)s+4fc„— 7(77 l)s+4fc„—577 s775_|_4 • • • ns4-4k„—12 

(n — l)s+4fc„— 3(77 — l)s+4fc„_l ■ ■ ■ {n — l)s+4fcn+2fc„_i—5 
77s—477s • • • 775_|_4fc^_i277^_|_^^^_^(n — l)s_|_4fc^_7(n — l)^_|_4fc^_5 

(77 ~ l)s+4fc„+l • • • (77 — l)s+4fc„+2fc„_i— 5(77 — 2);j+4fc^+2fc„_i—2 
(77 ~ 2)s+4fc„+2A:„_i— 2(77 — 3)s+4A:„+2fc„_i+l(77 — 3)s+4fc„+2A:„_i+l 
= (n — l)s+4A:„-7(^ “ l)s+4A:„-5^s^^i+4 ' ' ' 77s+4fc„-12 
(n — l)s+4fc„— 3(77 — l)s+4A:„ —1 • • • (77 — l)s+4fc„+2fc„_i—5 
77 s - 477 s • • • 77s+4fc^_i277^_|_^^^_^(n — 1) s+4kn+l ' ' ' {jt — l)s+4fcn+2fe„_i-5 
(77 ~ 2)s_|_4fc^_|_2A:„_i— 2(77 — 2)s_|_4fc^_|_2A:„_i— 2(77 — 3)s+4fcn+2A:„_i+l(77 — 3)s+4A:n+2fc„_i+l 
=^Io^n,s+4kn-& 


-2 


■M^n,^s+4fc „—6 
is in Xq{Mo). 

Suppose that m G Xg(To^,^,o,i,i,fc„_i,fc„-i)Xg(To^';o,ui,^ Then m = mim 2 , where 

7771 G Xg('7()^,..^.,o,l,l,fc„_i,fc„-l)’ G Xq('7()*'^,,,,0,Ul,A:„_i-2,fcn+l)' 

Since m = _g, by the expressions (|8.2I) and (|8.3I) we must have 


rj-tfs) 

mi = Ir 






-1 

71,5 + 4^72 — 6 ' 
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It follows that m 2 = Tg* o\ i k„-i -2 fc„+i^n s+4fc„-6- Frenkel-Mukhin algorithm and 


’ ^o'..,oli,i,fcn-i-2,fc.+i^n,t+4fc.-6 is not in Xq{%^^Sxi,ku-i-2,kr.+i^- This is a contradiction. 
Hence ^{xq{Mo)) ^ ^{xq{M)). 


{s-4) 
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